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4.4 Phan phdi nhi thirc am

4.5 Phan phdi Poisson



Trong chuong nay, ching ta s& thdo ludn vé cic phan phdi théng ké
thuwong xuyén xudt hién trong bdi cdnh phan tich dit liéu hodc suy luan
théng ké. Chung t6i bat dau vdi phan phéi chudn trong phan dau tién,
phan phéi nay duogc stir dung nhiéu trong cdc chwong sau cda cudn sach.
Cac phan con lai s& dugc tham khao thinh thoang nhung cé thé coi la

khéng bat budc d6i vai ndi dung clia cudn sach.
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Dé xem video, slides va céc tai nguyén khac, vui long truy cap
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4.1. Phan phdi chuan

Trong cac loai phan b8 ta thuwdng gip trong thuc té, cé mot loai phan phdi xuat hién véi tan suat vuot tréi hon
ca. 6 1a dudng cong ddi xirng, don dinh va cé hinh chuéng — mot dang phan phdi rat phé bién va ngudi ta thudng goi
né la phan phéi chuan,’ dwoc minh hoa trong Hinh 4.1. Cac bién s6 nhuw diém SAT hodc chiéu cao clia nam gidi trudng
thanh tai Hoa Ky thudng tudn theo phan phdi chuén.

Hinh 4.1: Phan phdi chuén.

CAcC bAC PIEM PHAN PHOI CHUAN

Nhiéu bién sb trong thuc t& xap xi tuan theo phan phdi chuan, nhwng khéng cé bién sé nao hoan toan tuan theo phan
phdi nay mét cach tuyét d6i. Do d6, mac du phan phdi chuan khéng hoan hdo déi véi bat ky van dé cu thé nao, nhung
né van rat hitu ich trong nhiéu tinh huéng khac nhau. Ching ta sé st dung phan phdi chuan trong qua trinh kham pha
dir liéu va dé giai quyét cac bai toan quan trong trong théng ké.

4.1.1. M hinh phan phdi chuin

Phan phdi chudn ludn mé ta mét dudng cong d&i xtrng, don dinh va cé dang hinh chudng. Tuy nhién, hinh dang cla
dudng cong nay coé thé thay d6i tuy theo cac tham s& cllia mé hinh. Cu thé, phan phdi chuan duoc diéu chinh bai hai
tham sé chinh: trung binh va d6 léch chudn. Nhu ban cé thé doan, viéc thay déi trung binh s& lam dich chuyén dutng
cong sang trai hodc phai, trong khi thay d&i dé 1&éch chuan sé lam cho duéng cong gidin rong ra hodc thu hep lai. Hinh 4.2
minh hoa phan phdi chuan véi trung binh bang 0 va d6 I&ch chun bing 1 & hinh bén trai, va phan phdi chuin véi trung
binh bing 19 va dd léch chuan bang 4 & hinh bén phai. Hinh 4.3 trinh bay hai phan phéi nay trén cuing mot truc dé dé so
sanh.
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Hinh 4.2: Ca hai dwong cong déu biéu dién phan phdi chuan. Tuy nhién, ching khac nhau vé trung tam va dé phan tan.

Né&u mot phan phdi chuin cé trung binh |3 pva dd I&ch chuan 13 o, ta cé thé ky hiéu phan phé&i dé 1a N(p, o). Hai
phan phéi & hinh 4.3 cé thé dugc ky hiéu nhu sau

N(u=0,0=1) va N(u=19,0=4)

Vi trung binh va d6 I&ch chudn mé ta chinh xac mot phan phéi chuin, ching dugc goi 1a cdc tham sé cla phan
phdi d6. Phan phai chuan cé trung binh bang 0 va d6 Iéch chudn bang 1 dwoc goi 1a phan phéi chuin tic.

1 Phan phdi nay ciling dwoc goi 1a phan phdi Gaussian, d&t theo tén cla Carl Friedrich Gauss, ngwdi dau tién md ta biéu thirc todn hoc
clia né mdt cach chinh thirc.
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Hinh 4.3: Hai phan phéi chudn duoc trinh bay trong Hinh 4.2 nhung dwoc biéu dién trén cing mot truc toa do
va cung mot thang do.

BAI TAP THU'C HANH 4.1

Viét ky hiéu rat gon cho mét phan phéi chuin véi ?
@ a) Trung binh 13 5 va d6 léch chuin 13 3,

b) Trung binh I3 -100 va dé léch chuan 13 10, va
c) Trung binh 13 2 va do léch chuan 13 9.

4.1.2. Chuan héa véi diém Z

Ching ta thwdng mudn chuyén dit liéu vé cing mot thang do chuan héa, didu nay gilp viéc so sanh tré nén hop
Iy hon.

Vvibuy 4.2

Bang 4.4 trinh bay gid trj trung binh va d6 léch chuin cta téng diém SAT va ACT. Phan phdi diém SAT va ACT déu
gan nhu tuan theo phan ph6i chuan. Gia st Ann dat 1300 diém SAT va Tom dat 24 diém ACT. Vay ai c6 két qua
tét hon?

Chuing ta st dung dé I&ch chuin lam thudc do dé so sanh. Ann dat cao hon 1 d6 léch chuan so vdi trung binh
diém SAT: 1100 + 1 x 200 = 1300. Tom dat cao hon 0.5 dé léch chuin so véi trung binh diém ACT: 21 + 0.5 x 6 =
24. Trong Hinh 4.5, ta thdy rang Ann c6 xu hwdng lam bai tt hon so véi s6 dong hon 1a Tom, nén diém ca Ann
duoc danh gia cao hon.

Diém SAT Diém ACT

Trung binh 1100 21

Do léch chuan 200 6
Hinh 4.4: Trung binh va d6 léch chuin cla diém SAT va ACT.

Vidu 4.2 sir dung mot ki thuat chuin hoa goi |a Diém Z — phuong phép nay thudng dwoc 4p dung cho céc quan
sat gan nhu phan phéi chuin, nhung ciing cé thé st dung cho bat ky phan phéi ndo. Piém Z clia mot quan sat dwoc dinh
nghta 13 s6 d6 léch chuidn ma quan sat dé nam phia trén hodc phia dwdi gia tri trung binh. Néu mdt quan sat ndm cao
hon trung binh 1 d6 léch chuan, Z-score ctia né 13 1. Néu mot quan sat nam thdp hon trung binh 1.5 d6 léch chuan, Z-
score cla nd 13 —1.5. Gia sl x |a mét quan sat tlr phan ph&i N(y,0), cdng thire todn hoc cha Z-score dugce xac dinh nhu
sau:

Sl dung cac gia tri pgar = 1100, ogar = 200, va x,,, = 1300, ta tinh dwgc diém Z ctia Ann nhu sau:

Z _ xAnn - 'uSAT _ 1300 - 1100 _
Ann Osar 200

2@ N(u=5,0=3).(b) N(u = —100,6 = 10). (c) N(u = 2,0 = 9).
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Hinh 4.5: Diém s& cia Ann va Tom duoc biéu dién trén biéu d6 phan phoi SAT va ACT.

PIEM Z

Diém Z clia mot quan sat 3 s6 do [éch chudn ma quan sat dé ndm trén hodc dudi trung binh. Ching ta tinh diém Z cho
mot quan sét x tir phan phdi cé trung binh u va dé léch chuan o theo cong thirc:

@ BAI TAP THU'C HANH 4.3
S& dung diém ACT ctia Tom | 24, cung véi trung binh ACT 12 21 va d6 l&ch chuan 13 6, h3y tinh diém Z cho Tom.?

Céc quan sat ndm phia trén trung binh ludn cé diém Z duong, trong khi cac quan sat dudi trung binh cé diém Z am.
N&u mdt quan sat bang véi gia tri trung binh (vi dy nhu diém SAT = 1100), thi diém Z sé& bang 0.

BAI TAP THU'C HANH 4.4

@ Goi X 1a bién ngau nhién tir phan phéi N(W = 3, 6 = 2), va gia st chlng ta quan sat dwoc x = 5.19.
Tinh diém Z cda x.
St dung diém Z dé xac dinh x nam trén hay duéi trung binh bao nhiéu d6 léch chuan.*

BAI TAP THU'C HANH 4.5
@ Chiéu dai dau cuta loai cdo tdi dudi chdi tuan theo phan phdi chuan vdi trung binh p = 92.6 mm va d6 léch chuan
0 = 3.6 mm. Tinh diém Z cho loai ddng vat nay vé&i chiéu dai dau bang 95.4 mm and 85.8 mm.°

Chuing ta cé thé st dung diém Z dé wdc lwvgng mirc dé bat thudng cla cac quan sat. Mot quan sat x1 dwoc cho
I3 bat thwdng hon mot quan sat khac x2 néu gid tri tuyét déi cha diém Z cha né 1&n hon gid tri tuyét d6i cha diém Z cla
quan sat con lai: |Z;| > |Z,|. Phuong phap nay déc biét hiéu qua khi phan phdi 1a d&i xirng, chang han nhu phan phéi
chuén.

@ BAI TAP THU'C HANH 4.6
Trong hai quan sat & Bai tap 4.5, quan sat ndo |a bat thwong hon?°

37 _ XTom—Macr _ 24-21 _ 05
Tom — oact - 6 - -
4(a) Piém Z clia né duwoc tinh theo cong thitc Z = ij" = 5'129_3 = % = 1.095. (b) Quan sat x nam cao hon trung binh 1.095 d6 léch chuén. Ta biét

diéu d6 vi Z 13 s6 dwong.

SVgix, =954 mm: Z; = = 3 =0.78.Vdix, =85.8mm: Z, = —1.89.

6V gid tri tuyét d6i clia diém Z trong quan sét thit hai lén hon gia tri tuyét doi clia quan sat thi nhat, nén quan sat th hai cé chiéu dai dau bat
thuong hon.

X1—H _ 95.4-92.6 85.8-92.6 _
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4.1.3. Tim dién tich phan dudi

Kha ndng xac dinh dién tich phan dudi ciia mdt phan phdi la mot ki ndng rat hitu ich trong théng ké. Vi du, bao
nhiéu phan trdm nguoi cé di€m SAT thap hon diém cla Ann 13 1300? Cau hoi nay cling chinh |a tim bach phan vj cda Ann
- tre 13 ty 18 phan trdm nhitng ngudi cé diém thap hon c6 dy. Ta c6 thé hinh dung dién tich phdn dudi nay nhu trong Hinh
4.6, v&ivung dudi duwdng cong dwoc to dam.

I | I | I 1 1
500 700 900 1100 1300 1500 1700

Hinh 4.6: Dién tich bén trai cia Z biéu dién ty 1& ngudi cé diém thap hon Ann.

Cé ba cach phd bién dé tim dién tich phan duéi.

1. Céch phé bién nhat trong thuc hanh 1a dung phan mém théng ké. Vi du, trong ngdn ngit 1ap trinh R, ta cé thé tinh
viing t6 bong trong Hinh 4.6 béng lénh:
> pnorm(1)
[1] 0.8413447
Theo tinh todn nay, viing t6 bdng phia dudi diém 1300 twong &ng vdi 84.1% s6 ngudi thi SAT c¢6 diém Z < 1. Téng
quét hon, ta cling cé thé nhap cu thé gia tri trung binh va dé léch chuin:
> pnorm(1300, mean = 1100, sd = 200)
[1] 0.8413447

Ngoai R, con cé nhiéu phan mém khac nhu Python, SAS, tham chi Excel va Google Sheets ciing ho tro tinh toan nay.
2. Mot chién luoc phd bién khéc trong |dp hoc la dung may tinh d6 thi, chang han nhu Tl hodc Casio. Cac thao tac trén

may nay kha cu thé va dai dong nén khéng trinh bay chi tiét & day. Ban cé thé tim hudng din st dung may tinh dé
tim dién tich phan dudi qua thu vién video cta Openlntro:

www.openintro.org/videos

3. Mét lya chon cudi cung 1a dung bang xac suat, cach nay déi khi con dugc dung trong I6p hoc nhuwng hiém khi dp dung
trong thuc t&. Phu luc C.1 cung cap mat bang nhu vay cling véi hwdng dan céch st dung.

Trong chwong nay, mbi khi gidi bai toan lién quan d&n phan phai chudn, ta s& luén bat dau bang viéc tinh diém z. Ly
do 13 vi trong Chuong 5, ban sé gap nhitng khai niém tuong tu goi la thdng ké kiém dinh (test statistics) — trong nhiéu
trwdng hop, ching tvong duong vdi diém Z.


http://www.openintro.org/redirect.php?go=textbook-openintro_videos&referrer=os4_pdf
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4.1.4. Vi du vé xac suat trong phan phdi chuan

Téng diém SAT dugc x8p xi rat tét bdi mdét md hinh phan phdi chudn, N(u = 1100, ¢ = 200).

viby 4.7
Shannon la mét thi sinh SAT dwoc chon ngau nhién, va ta khdng biét gi vé kha ning hoc tap cta ¢ dy. Vay xac
suét dé Shannon dat it nhat 1190 diém trong ky thi SAT 13 bao nhiéu?

Buwdc dau tién, ludn ludn v& va ghi chi mét biéu dd cta phan phdi chuin. (Hinh v& khéng can chinh xac tuyét
d6i, chi can ho tro tryc quan la dd). Trong bai toan nay, ta quan tdm dén xac suat Shannon dat diém cao hon
1190, vi vay ta td bong phan dudi phia bén phai (dudi trén):

700 1100 1500
@ Hinh minh hoa cho thay gia trj trung binh va cdc méc cach trung binh 2 d6 l&ch chuin. Cach don gian nhat dé
tim dién tich dwoc td béng dudi dudng cong 13 tinh diém Z twong (ng véi gid tri cat (cutoff). Véiu = 1100, 0 =
200, va x = 1190, ta tinh
x—u 1190-1100 90

Z== 200 200~ 0%

S dung phan mém théng ké (hodc bat ky phuong phép nao khic), ta tim dwgc dién tich bén trai Z = 0.45 13
0.6736. Dé tinh dién tich bén phai Z = 0.45, trc 1a xac sudt Shannon dat it nhat 1190 diém, ta 1dy 1.0000 —
0.6736 = 0.3264.

1.0000 - 06736 = 0.3264

A -A=/\

Vay, xac suat Shannon dat it nhat 1190 diém SAT |4 0.3264.

LUON LUON VE HINH TRU'G'C, SAU PO MO TINH BIEM Z

Dai vdi bat ky bai todn xac suat nao lién quan dén phan ph6i chuan, luén luén va luén luén vé va ghi chu dudng cong
chuén trudc tién, dong thoi td bdng vung dién tich lién quan. Hinh v& s& gitp ban wdc lvgng so bd xac suat. Sau khi
hoan thanh hinh minh hoa thé hién tinh hudng, hay xac dinh diém Z cho gia tri cdn quan tam.

BAI TAP THU'C HANH 4.8
@ Né&u xac suat Shannon dat it nhat 1190 diém |4 0.3264, thi xac suat cd ay dat it hon 1190 diém I3 bao nhiéu? V&
dudng cong chuén, td bong ving phia bén trai cia 1190 thay vi bén phai nhu vi du trén.’

7Ta tinh dwoc xac suat & Vidu 4.7: 0.6736.

_M

700 1100 1500
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VviDU 4.9
Edward dat 1030 diém SAT. Vay thir bac phan trdm (percentile) cla ciu 8y |a bao nhiéu?

Trudc hét, can c6 hinh minh hoa. Thit bac phan trdm cta Edward chinh 13 ty & phan trdm nhitng ngudi co
diém thap hon 1030 — tire 1a dién tich bén trai diém 1030.

5 i .

700 1100 1500
Xéc dinh: trung binh u = 1100, d6 léch chuidn o = 200, va diém can xét x = 1030. Ta tinh dwoc diém Z:

Z_x—y_1030—1100_ 035
T o 200 -

S dung phan mém théng ké, ta tim dugc dién tich phia bén trai (tail area) 1a 0.3632. Vay Edward ndm & bac
36 phan tram.

BAI TAP THU'C HANH 4.10
Sl dung két qua tir Vi du 4.9 h3y tinh ty |& phan trdm nguwoi thi SAT ¢ diém cao hon Edward.
Hay vé& thém mét hinh méi. ©

TiM DIEN TiCH BEN PHAI

Nhiéu phan mém théng ké mic dinh tra vé dién tich bén trai cla diém Z. N&u ban can tim dién tich bén phai, hay 1ay 1
trir di dién tich bén trai.

BAI TAP THU'C HANH 4.11

Stuart dat 1500 diém SAT. Hay vé hinh cho tirng phan sau.
@ (a) Th& bac phan tram cda Stuart 13 bao nhiéu?

(b) Ty 1& phan trdm ngudi thi SAT dat diém cao hon Stuart?’

Dua trén mau gém 100 nguoi dan éng, chidu cao trung binh cia nam gidi trwdng thanh & My gan nhu tuan theo
phan phéi chuin vdi trung binh 70.0-inch va d6 léch chuin 3.3 inch.

BAI TAP THU'C HANH 4.12
@ Mike cao 5'7” va Jose cao 6'4”. Ca hai déu sdng tai M.
(a) Thir bac phan tram chiéu cao cta Mike 1a bao nhiéu?
(b) Thir bac phan trdm chiéu cao cla Jose |a bao nhiéu? Ciing v& hinh minh hoa cho tirng phan.*°

8 NE&u Edward lam bai t6t hon 36% s6 nguwdi thi SAT, thi khoang 64% ngudi con lai da lam t6t hon ciu ay.

i -

- T°r 1
700 1100 1500
9 Chung t6i dé& phan v& hinh cho ban tu thyc hién. (a) Z =
2.28% s6 ngudi thi c6 diém cao hon Stuart.

1500-1100
200

= 2 = Dién tich bén trdi = 0.9772. (b) 1 —0.9772 = 0.0228 - Tirc la chi

67-70
33

10 p3u tién, chuyén déi chidu cao sang inch: Mike = 67 inch, Jose = 76 inch. Hinh minh hoa dwgc trinh bay bén dudi. (a) Zyike = =-091=>

Phan trim ~ 0.1814 > Mike & bac 18.14. (b) Zjo5e = =~ = 1.82 = Phan trim ~ 0.9656 > Jose & bac 96.56.

Mike ' j Jose .

e ______

67 70 70 78
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Cac bai tap trwdc tap trung vao viéc tim phan tram vi tri (phan dudi dwdi) hodc phan dudi trén tuwong (ng véi mot
gia tri quan sat cu thé. Vay néu ban mudn biét gid tri quan sat twong ng véi mot phan tram vj tri nhat dinh thi sao?

vipuy 4.13
Chiéu cao clia Erik ndm & bac phan trdm th 40. Vay Erik cao bao nhiéu?

Nhw moi khi, trudc tién hady vé hinh minh hoa.

40%
(0.40)
T 1
63.4 70 76.6

@ Trong tredng hop nay, xac sudt dudi dudi da dwoc biét (0.40), cé thé dugc td bong trén db thi. Ta cn tim gid tri
quan sat twong (ng vdi phan dién tich ndy. Budc dau tién Ia xac dinh Z-score twong (ng véi bac 40. Dung phan
mém théng ké, ta thu dugc Z = -0.25.

Biét rdng Zg, = —0.25 va cac tham s6 dan s6 la u = 70 va o = 3.3 inch, ta thiét |ap céng thirc Z dé tim chiéu
cao chua biét cla Erik, ky hiéu 13 xg:
Xek — M Xk — 70
Z = = = —0.25
o 3.3

Giai phuong trinh trén, ta tim duoc xg; = 69.18 inch. Ttrc |a Erik cao khodng 5 feet 9 inch.

ViDU 4.14
Chiéu cao nam gidi trudng thanh & bac phan trdm th 82 13 bao nhiéu?Néi dung 1

Tiép tuc, v& hinh trudc.

@ 63.4 70 76.6

Tiép theo, tim Z-score twong &ng véi bac 82, gia tri nay la duong va cé thé tim bang phan mém: Z =

0.92.
Cudi cung, st dung cong thirc Z véi cacgid triu = 70,0 = 3.3,va Z = 0.92:
2=2"E 20
T ¢ 33 7

Giadi phuong trinh, ta dugc x = 73.04 inch, tirc khoang 6 feet 1 inch — day I3 chiéu cao tuong &ng vdi bac 82.

BAI TAP THU'C HANH 4.15

Diém SAT tuan theo phan phoi chuan N(1100, 200)."*
(a) Diém SAT & bac 95 la bao nhiéu?

(b) Diém SAT & bac 97.5 |3 bao nhiéu?

1 Pap an: (a) Zgs = 1.6449 = Diém SAT = 1100 + 1.6449 X 200 = 1429. (b) Zy,5 = 1.96 = Diém SAT = 1100 + 1.96 x 200 =
1492.
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BAI TAP THU'C HANH 4.16
Chiéu cao cla nam gidi trwdng thanh tuin theo phan phéi chuin N(70.0”, 3.3”).%?
@ (a) Xac suat mdt ngudi nam trudng thanh dwoc chon ngu nhién ¢é chiéu cao it nhat 1a 6'2” (74 inches) la bao
nhiéu?
(b) Xac sudt mot ngudi nam trudng thanh cé chiéu cao thap hon 5’9” (69 inches) |a bao nhiéu?

ViDu 4.17
Xac sudt mot nguwdi nam trudng thanh ngdu nhién cé chiéu cao nam gitta 5'9” va 6’2" 1a bao nhiéu?

Chiéu cao nay tuong (rng véi 69 inch va 74 inch. Trudc tién, v& d thi minh hoa. Vung quan tdm khéng con 13
phan dudi trén hay dwdi, ma Ia ving ndm giita hai gia tri.

® —— T
63.4 70.0 76.6

Tong dién tich dwdi duong cong la 1. Néu ta tim dién tich cta hai phan duéi khong dugc té béng (tlr phan THUC
HANH CO HUONG DAN 4.16, c4c gid tri twong (rng 13 0.3821 va 0.1131), thi ta c6 thé tinh phan dién tich giita:
10000 - 03821 - 01131 = 05048

MM N=A

Tire 13, xac suat chidu cao nam trong khoang tir 5’9” dé&n 6’2" 13 0.5048 (50.48%).

BAI TAP THU'C HANH 4.18
Diém SAT tuan theo phan phéichuin N(1100, 200). Bao nhiéu phan trdm thi sinh cé diém SAT tir 1100 d&n 1400?*3

BAI TAP THU'C HANH 4.19

@ Chiéu cao nam gidi trudng thanh tuan theo N(70.0”, 3.3”). Bao nhiéu phan tram nam gidi trudng thanh cé chiéu
cao tir 5’5” dén 5'77?

2(a)z =1.21 > 0.8869, sau d¢ lay 1 trir di gia tri pay d€ duoe: 1 - 0.8869 =0.1131. (b) Z=-0.30 > 0.3821.

13Pay 13 cach giai rat gon. (Nhé vé hinh minh hoa!) Trwdc tién, tim phan tram s6 ngudi cé diém duwdi 1100 va phan trim s& ngudi ¢ diém trén 1400:
Zi100=0.00 = 0.5000 (dién tich bén trai), Ziao = 1.5 = 0.0668 (dién tich bén phai). K&t qua cudi cling: 1.0000 - 0.5000 - 0.0668 = 0.4332

14 Chiéu cao 5'5" 1aB5 inches (Z = -1.52). Chiéu cao 5'7" 13 67 inches (Z = -0.91). Gidi phép s8 hoc: 1.000 - 0.0643 - 0.8186 = 0.1171, tirc la 11.71%.
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4.1.5. Quy tac 68-95-99.7

Day 13 mét quy tic wéc lvgng nhanh hitu ich dé xac dinh xac suat mat gia trj roi vao khodng 1, 2 hodc 3 do léch
chuén so véi trung binh trong phan phéi chudn. Quy tac nay rat hitu ich trong nhiéu tinh hudng thuyc t&, ddc biét khi ban
can uwdc lvgng nhanh ma khéng dung mdy tinh hay bang Z.

u-3c u-2c L—o n w+o u+20 p+3c

Hinh 4.7: X4c suat dé roi vao vung céch trung binh 1, 2, va 3 d6 I&ch chuin trong phan phdi chuin.

BAI TAP THU'C HANH 4.20

Dung phan mém, mdy tinh hodc bang xdc suat dé xac nhan rang khoang 68%, 95%, va 99.7% cac gia trj sé roi vao
vlng céch trung binh [an lwot 13 1, 2 va 3 d6 l1éch chuin trong phan ph&i chuan. Vi du: Tim dién tich gitta Z = -1 va
Z =1, s& xap xi 0.68. Tuwong ty, dién tich gitta Z=-2 va Z = 2 xp xi 0.95. **

Gia trj c6 thé roi cach trung binh 4, 5 hodc nhiéu d6 1éch chudn hon, nhung didu nay rat hiém néu dir liéu gan chuan.
Xac suat cach hon 4 d6 l&ch chuén |a khodng 1/15,000. V&i 5 va 6 dé |éch chuln, xac suat 1a khodng 1/2 triéu va 1/500
triéu.

BAI TAP THUC HANH 4.21

Diém SAT tuan theo phan phdi chuan véi trung binh = 1100 va d6 léch chudn o = 200.16
a) Khodng bao nhiéu phan trdm ngudi thi dat diém tir 700 dén 15007
b) Bao nhiéu phan tram ngudi thi dat diém tir 1100 dén 15007

15 p3u tién hay vé& hinh minh hoa. S& dung phan mém, ching ta thu duoc 0.6827 nam trong khodng 1 d6 l&ch chuan so v&i trung binh, 0.9545 ndm
trong khoang 2 d6 léch chuan, va 0.9973 nam trong khodng 3 d6 léch chuan.

16 () 700 va 1500 tuong &ng véi hai d6 1éch chuan dudi va trén trung binh, diéu d6 cé nghia 13 khodng 95% ngudi thi sé dat diém trong khoang ti
700 dén 1500. (b) Ching ta d3 biét réng khoang tir 700 dén 1500 chiém khodng 95% s& ngudi thi. Vi phan phdi chuan ddi xing, nén nhém ngudi
thi nay dwoc chia déu qua trung tdm phan phéi la 1100, vi vy 95% chia d6i thanh 47.5% s6 ngudi thi dat diém tir 1100 dén 1500.
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Bai tap

4.1 Dién tich dwéi dwerng cong — Phan I. Tim phan trdm trong phan phdi chudn N(u = 0, o = 1) cho méi vung sau. Nh¢ vé
do thi.
(a) Z<-1.35 (b) Z>1.48 (c)-0.4<Z<1.5 (d) 2] >2

4.2 Dién tich duwéi dwerng cong - Phan 11, Tim phan trdm trong phan phdi chudn N(u = 0, 6 = 1) cho mé&i viing sau. Nh¢ vé
do thi.
(a)Z>-1.13 (b) Z<0.18 ©Z>8 (d) |2] <0.5

4.3 Diém GRE - Phan |. Sophia dat 160 diém phan Ngbn ngit va 157 diém phan Todn. Trung binh phan Ngén ngir 1a 151
(o=7), phan Toan |13 153 (o = 7.67), cac phan phdi gan chuin.

a) Viét ky hiéu tit cho hai phan phdi chuan nay.

b) Tinh Z-score ctia Sophia & ca hai phan. V& duwdng cong chuin va danh du cac diém Z nay.

c) Cac diém Z nay ndi lén diéu gi?

d) Sophia lam t6t hon & phan nao?

e) Tinh phan tram xép hang (percentile) cla cb ay.

f) C6 bao nhiéu phan tram ngudi lam tét hon ¢ dy?

g) Visao khéng thé chi so sanh diém s géc?

h) Néu phan phéi khéng gan chuin, két qua tir (b) dén (f) cé thay déi khong?

4.4 Thevi gian thi Triathlon - Phan 1. Trong céc cudc thi ba mén phdi hop (triathlon), ngudi thi thudng dugce chia theo

P

nhém tudi va gidi tinh. Hai ngudi ban 13 Leo va Mary déu d3 hoan thanh cudc thi Hermosa Beach Triathlon, trong d6 Leo
thi & nhém Nam, 30-34 tudi, con Mary thi & nhém Ni, 25-29 tudi. Leo hoan thanh cudc thi trong 1 gi& 22 phut 28 giay
(ttrc 4948 giay), Mary hoan thanh trong 1 gio' 31 phuat 53 gidy (tirc 5513 gidy). RG rang la Leo hoan thanh nhanh hon,
nhung ho td mod vé x&p hang clia minh trong nhém tuwong (rng. Ban cé thé gitp ho khéng?

Duwdi day |a thdng tin vé két qua cla cdc nhém:
Thoi gian hoan thanh cia nhém Nam, 30-34 tudi cé trung binh 1a 4313 giay va d6 léch chuan 1a 583 giay.
Thoi gian hoan thanh ctia nhém Nit, 25-29 tudi cé trung binh 1 5261 gidy va d6 léch chuan 1a 807 giay.
C4ac phan phai thoi gian hoan thanh cla ca hai nhém déu xap xi chuan.
Luwu y: Thanh tich t&t hon nghia 13 thoi gian hoan thanh ngén hon.

(a) Viét ky hiéu rat gon cho hai phan phéi chun nay.

(b) Z-score cla Leo va Mary |1a bao nhiéu? Nhirng Z-score nay cho ta biét diéu gi?

(c) Aitrong hai ngudi, Leo hay Mary, xép hang cao hon trong nhém ca minh? Giai thich.

(d) Leo hoan thanh nhanh hon bao nhiéu phan trdm van déng vién trong nhdm cla anh 3y?

(e) Mary hoan thanh nhanh hon bao nhiéu phan tram van d6ng vién trong nhém cua cd ay?

(f) NE&u phan phdi thdi gian hoan thanh khéng x3p xi chuin, cac cau tra 1&i tir (b) dén (e) cé thay d6i khdng? Gidi thich.

4.5 Diém GRE - Phan II. Trong Bai tap 4.3 ta d3 thay hai phan phdi diém GRE: N (u = 151, 0 = 7) cho phan Ngén ngir va N
(1 =153, 0=7.67) cho phan Todn hoc. H3y s dung théng tin nay dé tinh:

(@) Muc diém clia mot hoc sinh ndm & phan vi thir 80 (80th percentile) trong phan Toan hoc.
(b) Mirc diém clia mot hoc sinh cé két qua té hon 70% ngudi thi khac trong phan Ngén ngi.
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4.6 Thoi gian thi Triathlon - Phian 11, Trong Bai tip 4.4 ta d3 c6 hai phan phéi thoi gian: N (u = 4313, o = 583) cho nam
30-34 tudiva N (u =5261, o = 807) cho nir 25-29 tudi. Thoi gian dwoc tinh theo don vi gidy. Dwa trén théng tin nay, hdy
tinh:

(a) Thoi gian gidi han cho 5% ngudi cé thoi gian hoan thanh nhanh nhat trong nhém nam.
(b) Thoi gian gidi han cho 10% ngudi c6 thdi gian hoan thanh chdm nhat trong nhém nir.

4.7 Thoi tiét & Los Angeles — Phan 1. Nhiét do cao trung binh h,éng ngay trong thang 6 tai Los Angeles la 77°F, v&i d6 léch
chuan 5°F. Gia st nhiét do trong thang 6 xap xi phan phdi chuan.

(a) Xac sudt dé mot ngay ngau nhién trong thang 6 cé nhiét d6 tir 83°F tré [én la bao nhiéu?

(b) Nhitng ngay lanh nhat 10% trong thang 6 cé nhiét dé cao nhat vao ban ngay 1a bao nhiéu?

4.8 CAPM. M6 hinh dinh gia tai san vén (CAPM - Capital Asset Pricing Model) 13 mdt mé hinh tai chinh gia dinh rang lgi
nhuan danh muc dau tu phan phdi chuan. Gia st mét danh muc dau tw ¢é lgi nhuan trung binh hang ndm 13 14.7%, véi
dd léch chuan 33%. Loi nhuan = 0% nghta la gia tri khdng d6i. Loi nhuan am nghfa 13 16 von. Loi nhudn duwong nghta la cé
1&i.

(a) Bao nhiéu phan trdm s& ndm danh muc bj 13, ttrc lgi nhudn < 0%?
(b) Mrc lgi nhuan giéi han dé ndm trong nhédm cao nhat 15% hang ndm |a bao nhiéu?

4.9 Tho'i tiét & Los Angeles - Phan I1. Bai tap 4.7 cho biét nhiét do cao trung binh héng ngay trong thang 6 & Los Angeles
13 77°F, d6 léch chuan 5°F, va phan phéi gan nhu chuan. S& dung céng thic chuyén déi tir Fahrenheit (°F) sang Celsius
(°C):

C=(F-32)x5/09

(a) Viét md hinh phan phdi xac suat cho nhiét do (°C) trong thang 6 & LA.

(b) Xac suat dé c6 mdt ngay > 28°C (xap xi 83°F) trong thang 6 & LA 13 bao nhiéu? Tinh bang mé hinh °C tir (a).
(c) K&t qud trong ciu (b) va ciu (a) cha Bai tap 4.7 c6 gibng nhau khdng? Ban cé bat ngd khdng? Giai thich.
(d) Udc tinh khoang t& phan vi (IQR) cla nhiét d6 (°C) trong thang 6 & LA.

4.10 Tim do léch chudn. Mic cholesterol & phu nit 20-34 tudi phan phdi gan chuin, véi trung binh 1a 185 mg/dL. Phu
nit cé cholesterol trén 220 mg/dL dugc xem 1a cao va khodng 18.5% phu nit roi vao nhém nay. Vay d6 léch chuin cua
phan phdi murc cholesterol & nhém phu nit 20-34 tudi nay 1 bao nhiéu?
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4.2. Phan phadi hinh hoc - Geometric distribution

Chung ta nén mong doi bao 1au (hodc bao nhiéu [an thir) d€ ddng xu xuat hién mit ngra? Hodc can bao
nhiéu [an gieo xtc xac cho dén khi ra mit s6 1? Nhi*ng cau hoi ndy cé thé duoc tra 101 bang cach str dung phan phdi
hinh hoc (geometric distribution). Trwdc tién, ching ta s& mé hinh hda tirng [an thir — ching han nhu mét [an tung
doéng xu hodc gieo xtc xac — bang phan phdi Bernoulli, sau d6 két hgp ching véi cac cdng cu xac suat d3 hoc (Chuong
3) dé xay dung phan phdi hinh hoc.

4.2.1. Phan phdi Bernoulli

Nhiéu goi bao hiém y té€ & Hoa Ky c6 khoan khiu trir (deductible), trong d6 ngudi dwgc bao hiém phai tu
chi tra chi phi cho dén khi dat mirc khiu trir, va sau d6 céc chi phi vuot qua mirc ndy s& dugc chia sé gitra ca nhan
va cong ty bao hiém trong phan con lai cha nam.

Gia sir mot cong ty bao hiém y t& phat hién ring 70% s6 nguwdi ma ho bao hiém khong vurgt qua mirc khau
trir trong mot ndm bat ky. Mdi ngudi trong s6 nay cé thé dwoc coi la mat 1an thir (trial). Ching ta goi mot ngudi 1a
“thanh cong” (success) néu chi phi chdm séc sirc khde cha ho khdng vwot qud mic khiu trir. Nguoc lai, néu ho
vuot qud mirc nay trong ndm thi duoc goi la “that bai” (failure). Vi 70% s6 ngudi khdng vwot mire khu trir, nén ta
ky hiéu xac suat thanh cdng 13 p = 0.7. Xac suat that bai ddi khi dwoc ky hiéu 1a g = 1 - p, tirc 13 0.3 trong vi du vé
bao hiém nay.

Khi mot 1an thir chi cé hai két qua cé thé xdy ra — thudng dugc goi la thanh céng hodc thit bai — thi né
duoc goi 13 bién ngiu nhién Bernoulli. Chiing ta d3 chon goi ngudi khong virot mirc khau trir 13 “thanh cdng” va
nhirng ngudi khac 13 “that bai”. Tuy nhién, ching ta cling cé thé hoan déi hai nhian nay. Khung todn hoc ma ching
ta xay dung khong phu thudc vao viéc nhan ndo duoc goi la thanh cdng hay that bai, mién la ching ta nhat quan
trong suét qua trinh.

Céc bién ngau nhién Bernoulli thuorng dwoc ky hidu 1a 1 cho thanh céng va 0 cho that bai. Cach biéu dién
nay khéng chi thuan tién khi nhap dit liéu ma con rat hiru ich vé mat toan hoc. Gia st ching ta quan sat 10 lan thiy
sau:

1110100110

Khi 86, ty 1& mAu - sample proportion (ky hiéu Ia p) chinh Ia trung binh mau clia cac quan sat nay:

# thanhcong 1+1+1+0+14+0+0+1+1+4+0

: = 0,6
# [an thi 10

p" =
Viéc khao sat toan hoc vé cac bién ngiu nhién Bernoulli cé thé duwoc mé rong hon nita. Vi cac két qua 0 va

1 13 nhitng gia tri s8, nén ching ta cé thé dinh nghta gia tri trung binh va d6 léch cia mot bién ngiu nhién Bernoulli
(Xem Bai tap 4.15 va 4.16.)

Note

BIEN NGAU NHIEN BERNOULLI

Néu X 13 mét bién ngdu nhién nhan gid tri 1 v&i xac suat thanh cong |a p va gid tri 0 véi xac suat 1 - p, thi X 1a
mot bién ngau nhién Bernoulli véi gia tri trung binh va d6 l&ch chuan (standard deviation)

p=p o=pA-p)

Nhin chung, s& hitu ich néu xem mét bién ngiu nhién Bernoulli nhu mét qua trinh ngdu nhién chi ¢ hai
két qua: thanh céng hodc that bai. Sau d6, ching ta xay dwng khung todn hoc bing cach st dung cac nhan sd 1 cho
thanh céng va 0 cho that bai.
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4.2.2. Phan phdi hinh hoc
Phan phai hinh hoc duoc sir dung d& mé ta can bao nhiéu [an thir cho dén khi quan sat dwgc mét [an thanh
cOng dau tién.

H3y cung xem xét vi du dau tién.

VIDU 4.22

Gia sr chling ta dang |am viéc tai mot cong ty bao hiém va can tim mot trudng hgp ma ngudi dé khéng vuot
murc khau trir (deductible) dé lam nghién ctru tinh hudng. N&u xac suadt mot ngudi sé khéng vuot mire khau
trir 14 0.7 va ching ta chon nguoi mdt cach ngau nhién, thi kha nang nguoi dau tién khong vuot mic khau
trir - ttre 1a mot thanh codng - 1a bao nhiéu? Nguoi thir hai thi sao? Nguoi thit ba? Vay néu chiing ta chon ngiu
nhién n - 1 tredng hop trede khi tim dugce thanh cong dau tién — tire 1a ngudi tha n 13 ngwdi thanh cong dau
tién - thi sao? (Né&u thanh céng d3u tién 13 & ngwdi thir ndm, thin=5.)

Xac suat dirng lai sau ngudi dau tién chinh 13 xac suat ngudi dau tién khéng vuot mirc khau trir: 0.7. Xac
@ suat ngudi thir hai la ngudi dau tién khéng vuot mirc khu trir 13:

P(nguwoi th hai la ngwoi dau tién khéng vwot mirc khiu trir)
= P (ngwoi dau tién vweot, ngwdi thit hai khong vueot) = (0,3) = (0,7) = 0,21.

Tuong ty, xac sudt ngudi thi ba 13 ngudi dau tién khéng vuot mire khau trir 13: (0,3)(0,3)(0,7) = 0,063.
N&u thanh céng dau tién [a & ngudi thir n, thi s& cé n - 1 that bai va cudi cung 13 1 thanh cdng, twong &ng vai
xac suat: (0,3)"1x (0,7). Piéu nay cling twong duong véi: (1-0,7)"%(0,7).

Vi du 4.22 minh hoa cho phan phdi hinh hoc, mé ta thoi gian cho dén khi xdy ra mét lan thanh céng
d6i v&i cac bién ngiu nhién Bernoulli ddc 1ap va phan phadi giong hét nhau (iid). Trong truong hop nay, tinh
doc lap c6 nghia 1a cac ca nhan trong vi du khéng anh huwéng 13n nhau, va gidng hét nhau nghia 1a mdi nguoi
déu cé cung modt xac suat thanh cong.

Phan phdi hinh hoc tir Vi du 4.22 dwogc thé hién trong Hinh 4.8. Nhin chung, cic xac suat trong phan phéi
hinh hoc gidam theo cip s6 nhan mot cich nhanh chéng.

0.6
& 04
2
8 ]
>

0.2

0.0-

I I 1 I I I I I

1 2 3 4 5 6 7 8

S8 1an thir cho dén khi thanh céng vdip = 0,7

Hinh 4.8: Phan phdi hinh hoc khi xac sut thanh céng la p = 0,7.

Mac du tai liéu nay s& khéng chirng minh céc cdng thirc cho gia tri trung binh (ky vong) s6 [an thlr can thiét dé
tim ra thanh c6ng d3u tién, cling nhuw dd 1éch chudn hodc phuong sai clia phan phdi nay, ching tdi sé trinh bay cac céng
thirc téng quat cho tirng dai lvgng trén.



146
4.2. PHAN PHOI HINH HOC

PHAN PHO HINH HOC

Néu xac suat thanh céng trong mét [an thir 1a p va xac suat that bai 1a 1 - p, thi xdc suat dé tim thay thanh
cdng dau tién tai [an thir th& n duoc cho bai:

aQ-p)"'p
Trung binh (ttc I3 gid tri ky vong), phuong sai va d6 léch chuin cda thoi gian ché ndy dwoc xac dinh béi:
1 1—
u= - 0'2 = 2p 1-— p
p p 0=

p2

Khéng phai ngdu nhién ma ching ta dung ky hiéu p cho ca gid tri trung binh va ky vong. Gid tri trung binh va ky
vong |a mot va giéng nhau.

Trung binh, phai mat 1/p lan thir dé cé dwoc mét [an thanh cong theo phan phéi hinh hoc. K&t qua toan
hoc nay phu hop véi true gidc: néu xac suat thanh céng cao (vi du 0.8), thi ta thuwdng khdng phai doi lau dé cé thanh
cdng: 1/0.8 = 1.25 lan thi trung binh. Nguwoec lai, néu xac suat thanh céng thap (vi du 0.1), thi ta cn nhiéu lan thi
hon dé& dat dwoc thanh céng: 1/0.1 = 10 Ian thir.

BAI TAP THU'C HANH 4.23

@ Xac sudt dé mot trwdng hop cu thé khdéng vurot qua mic khiu trir 13 0.7. Néu ching ta kiém tra tirng
treorng hop cho dén khi tim dugc mét ngudi khéng vuot mire khau trir, thi ching ta du ki€n phai kiém
tra bao nhiéu nguoi? V7

ViDu 4.24
Xac suat dé ching ta cé thanh céng d4u tién trong 3 trudng hop dau tién 13 bao nhiéu?

DAy 1a xac suit rang thanh cong dau tién xay ra & trudng hop thi nhat (n = 1), th hai (n = 2), hodc th
ba (n = 3) — ttrc 1a ba két qua roi nhau. Vi cac ca nhan dugc 18y mau ngdu nhién tir mot quan thé 1én nén
@ cac trwong hop la doc 1ap. Ta tinh xdc suat cla tirng trudng hop rdi céng lai:
P(n = 1,2, hodc 3)

=Pn=1)+Pn=2)+Pn=3)
(0,3)71(0,7) + (0,3)371(0,7) + (0,3)37%(0,7)
0,973

Xac suat 13 0,973 kha nang ta sé c6 mot trwdng hop thanh céng trong 3 thir dau tién.

BAI TAP THU'C HANH 4.25
@ Hay tim cach théng minh hon dé giai Vi du 4.24. Chirng minh ring ban vin nhan duoc két qua nhu cili. *®

17 Chuling ta s& du doan s& c6 khodng 1/0,7 = 1,43 cd nhan tim thdy thanh céng dau tién.
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18 Dau tién, hay tinh xac suét cda bién c8 d6i 1ap: P (khéng thanh céng trong 3 Ian thir dau tién) = 0,33 = 0,027. Ti€p theo, tinh mot
trir di xac sudt nay: 1 - P(khoéng thanh cong trong 3 lan thr) = 1 —0,027 =0,973.

Vi DU 4.26

Gia sir mot cong ty bao hiém xe d3 xac dinh ring 88% tai x& s& khéng vuwot mirc khau trir trong mot ndm.
Né&u mot nhan vién clia cdng ty chon ngiu nhién hd so cla cac tai x€ cho dén khi tim thay ngwdi khong
@ vuot khiu trir, thi s& ngudi trung binh can kiém tra 13 bao nhiéu? Dé Iéch chuin cta s6 ho so can kiém
tra la bao nhiéu?

Trong vi du ndy, mét lan thanh cong lai la khi ai d6 khéng vuot mirc khau trir bdo hiém, vdi xac suat 1a
p = 0,88. S8 nguwdi du kién can kiém tra la 1/p = 1/0,88 = 1,14 va dé léch chuan 1a /(1 — p)/p? = 0,39.

BAI TAP THU'C HANH 4.27
St dung cac két qua tir Viduy 4.26, p = 1.14 va ¢ = 0.39, c6 phu hop dé s dung mé hinh chun (normal
model) dé tim ty |& cac thi nghiém két thuic trong 3 lan thir hodc it hon khéng? *°

Gia dinh vé tinh doc Iap 1a rat quan trong déi véi viec md ta bang phan phdi hinh hoc. V& mét toan hoc,
ching ta cé thé thay rang dé xay dung xac suat thanh cong & [an thir thir n, ching ta phai st dung Quy tdc nhan cho
cac qua trinh doc 1ap. Rat khé dé khai quat mé hinh hinh hoc cho cac bién phu thudc.
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19 Khéng. Phan phdi hinh hoc ludn Iéch phai va khong bao gior cé thé duwgc wédc lvgng t6t bang mé hinh phan phdi chuan.

Bai tap

4.11 €6 phai phan phdi Bernoulli khéng? Xac dinh xem mdi [an thlr sau day cé thé duoc xem la mot phép thir
Bernoulli déc lap hay khong.

a) Cac la bai dugc chia trong mot van bai poker.

b) K&t qua madi lan gieo xuc xac.

4.12 C6 va khéng hoan lai. Trong céc tinh huéng sau, gia s&t mot nlra dan s& duoc dé cip 1a nam va mét nlra la nir.

a) Gia sir ban dang 1ay mau tlr mot cdn phong cé 10 ngudi. Xac sudt chon dugc hai ngudi nit lién tiép
| bao nhiéu néu 18y mau cé hoan lai? Con néu Iay mau khong hoan lai thi sao?

b) Bay gid gia st ban dang |18y mau t&r mdt sdn van déng cé 10.000 ngudi. Xac suat chon dwoc hai ngudi
nit lién ti€p 13 bao nhiéu néu 1ay mau cé hoan lai? Con néu |ay mau khdéng hoan lai thi sao?

c) Chung ta thuong giad dinh rang céc cd thé duoc chon tir mot quan thé 1én 13 doc 1ap. Dua trén két
qua tir phan (a) va (b), hay giai thich xem gia dinh nay cé hop ly khéng.

4.13 Mau mat, phan I. M6t cdp vo chong déu cé mét nau nhung mang gen khién con ho cé thé cd mat nau (xac suat

0.75), mat xanh (0.125) hodc mét luc (0.125).

a) Xac suat dé dira tré mat xanh dau tién cla ho 1a dra con thi ba 13 bao nhiéu? Gia s&* rang mau mat cla
cac con la déc lap vai nhau.

b) Trung binh, cdp vo chong nay s& cé bao nhiéu con trudc khi sinh ra mot dira tré cé mat xanh? Do léch
chuan clia s6 con ma ho du kién sé cé cho dén khi sinh dugc mét dira mat xanh la bao nhiéu?

4.14 Ty ké 16i. Mot may san xuat loai transistor ddc biét (mét linh kién trong may tinh) cé ty 18 16i [a 2%. Viéc san

xuat dwoc xem |a mot qua trinh ngau nhién, trong dé mdi transistor l1a doc 1ap véi cac transistor khac.

a) Xac suat dé transistor thir 10 dwgc san xuat la transistor bi 16i dau tién 13 bao nhiéu?

b) Xac suat dé may khong san xuat ra transistor bi 16i nao trong mat 16 100 céi la bao nhiéu?

c) Trung binh, ban mong dgi may s& san xuat bao nhiéu transistor trwdc khi cé cai bi 16i dau tién? Do léch
chuan |3 bao nhiéu?

d) Mot may khdc cling sdn xudt transistor cé ty |& 16i 1a 5%, trong dé mdi transistor dwoc tao ra doc lap voi
cac cai khac. Trung binh ban mong doi bao nhiéu transistor s& duoc san xuat trudc khi cé cai bi 16i dau
tién? Do léch chuan |a bao nhiéu?

e) Dua vao cau tra |oi cha ban & phan (c) va (d), viéc tdng xac suat cha mot sy kién s& anh hudng nhu thé
nao dén trung binh va dé léch chuan cla thoi gian chd doi cho dén khi thanh cong?

4.15 Bernoulli, trung binh. S dung cac quy tac xac suat tir Phan 3.4 dé suy ra trung binh ca mot bién ngiu nhién
Bernoulli, tirc 13 bién nglu nhién X nhan gia tri 1 v&i xac sudt p va nhan gia tri 0 v&i xac suat 1 - p. Tire 13, hdy tinh
gia tri ky vong clla mot bién ngau nhién Bernoulli tdng quat

4.16 Bernoulli, dd léch chuan. St dung cac quy tac xac suat tir Phan 3.4 dé suy ra do léch chuan cia mot bién ngiu
nhién Bernoulli, tirc 13 bién ngiu nhién X nhan gid tri 1 véi xac suat p va nhan gia trj 0 v&i xac suat 1 - p. Tte 13, hay
tinh can bac hai clia phuong sai ciia mét bién ngiu nhién Bernoulli tdng quat.
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4.3 Phan phdi nhi thirc

Phan phdi nhj thirc dwoc st dung dé mo ta s6 [an thanh cong trong mét s6 [an thir cd dinh, khac véi phan phéi
hinh hoc, dugc st dung dé md ta s8 [an thir can thyuc hién trwdc khi quan sat dwgc mét [an thanh cong.

4.3.1 Phan phdi nhi thirc
Hay tuwdng twong mot Ian nita ring ching ta dang & mot cong ty bao hiém, noi 70% khéach hang khéng vuot qué
mdrc khau trir bdo hiém.

ViDu 4.28

Gia st cdng ty bao hiém dang xem xét m6t mau ngdu nhién gdm 4 khach hang dang st dung dich vu.
Xac suat dé ding mot trong s6 ho vurgt qua mirc khiu trir va 3 nguwdi con lai thi khéng 1a bao nhiéu? Dé
tién lgi, ta dat tén 4 ngudi la Ariana (A), Brittany (B), Carlton (C) va Damian (D).

Ta xét mot trudrng hop trong dé chi mot ngudi vuot qua mirc khiu trir:
P(A = vuot, B = khong, C = khéng, D = khong)
@ =  P(A = vuot)P(B = khong)P(C = khong)P(D = khong)
(0,3)(0,7)(0,7)(0,7)
0,7)*(0,3)"
= 0,103
Tuy nhién con 3 trudng hop khac: Brittany, Carlton hodc Damian 1a ngudi vuot qua mire khau trir. Mbi truong
hop déu cé xac suat 1a: (0,7)3(0,3)t. Téng cong cd 4 truwdng hop nhuw vdy, nén xac suat téng 1a
4 x(0,7)3(0,3)t = 0,412

@ BAI TAP THU'C HANH 4.29
Chtrng minh rang xac sudt dé Brittany 1a ngudi duy nhat vugt mirc khau trir 13 (0.7)3(0.3)%. 2°

Trwdng hop & vi du 4.28 13 mét vi du vé phan phdi nhij thire. Phan phéi nhi thirc md ta xac suit cé chinh xac k
[&n thanh céng trong sé n phép thir Bernoulli ddc 14p véi xdc sudt thanh cong 1a p (trong vidy 4.28, n=4,k=3, p=0.7).
Ta mudn tim cdng thirc t8ng quat cho xac suat trong phan phdi nhj thire, tirc 13 dung n, Kk, va p dé tinh xac suit. D€ lam
diéu nay, ching ta xem xét lai tirng phan trong Vi du 4.28.

C6 bén ca nhan b thé la ngudi vuot qua mic khau trir, va mdi truong hop trong bdn trudng hop nay déu cé
cung xac suat. Do d6, chung ta cé thé xac dinh xac suat cudi cing nhu sau:

[s6 trwong hop] X P(mbi trwong hop)

Thanh phan dau tién cGa phuong trinh nay 1a s8 cach dé sap x&p k = 3 [an thanh céng trong tdng sé n = 4 lan
thir. Thanh phan thi hai Ia xac suat clia bat ky mot trong bon kich ban (cé xac suat bang nhau).

2 p(A = khéng, B = vuot,C = khong,D = khong) = (0,7)(0,3)(0,7)(0,7) = (0,7)3(0,3)™.
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Xét xac suat clia mot kich ban don |1& trong trwdng hop téng quat gdbm k [An thanh cong va n - k [an that bai
trong s6 n Ian thir. Trong bat ky trwdng hgp nao nhu vay, ta 4p dung Quy tdc Nhan (Multiplication Rule) cho céc bién cé
doc lap:

pF(1—p)k
Day 13 cdng thirc téng quat clia chiing ta cho xéc sudt cia mét trudng hop don 1€ - P(trwong hop don 1€).
Tiép theo, ching ta gidi thiéu mét cong thirc tdng quat cho s céch chon k [an thanh cong trong s& n [an thir,
tire 12 sdp x&p k 1an thanh cong va n — k lan that bai:
(n) _ n!
k)™ ki (n—k)!

Ki hiéu : duogc doc 13 “n chon k”.?* Dau cham than (k!) biéu thi mét biéu thirc giai thira.

ol=1
11=1
21=2x 1=2

31=3x 2x 1=6
41=4x 3x 2x 1=24

nl=nx (n— 1)x ..x 3x 2x 1
S dung céng thirc nay, ching ta cé thé tinh dwoc s8 cach chon k = 3 [an thanh cong trong n = 4 [an thir:

& A4 4x3x2x1
(3)_3!(4—3)!_ﬁ_(3x2><1)x(1)_

K&t qua nay chinh 13 diéu ma ching ta d3 tim ra bang cach xem xét can than tirng trudng hop cé thé xay ra trong
Vidu 4.28.

Thay thé n chon k cho s6 truong hop va p*(1 — p)™ % cho xac suat ciia mdt trwong hop don 18, ta thu dwoc
cdng thirc t6ng quét cha phan phdi nhi thirc.

Gia sirxac suat dé mot phép thir don L& la thanh céng la p. Khi do, xac suat quan sat dugc chinh xac k lan thanh
coéngtrong sé n phép thir doc lap la:

n _ n! _
(k) prA-p)t = mp"(l —p)"E
Gi4 tri trung binh, phuong sai va dé léch chuén cta sé lugt thanh cdng quan sat dugc (a:

u=np o? =np(1 —p) o= np(l—p)

1) Céac phép thir la déc lap

2) SO [an thir n 13 cé dinh.

3) K&t qua ctia mbi phép thir cé thé phan loai thanh thanh céng hodc thét bai.
4) Xac suat thanh cong p 1a nhu nhau cho méi Ian thir.

2LNhirng ki hiéu khac clia n chon k bao gém nC, , CX, va C(n, k).
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ViDU 4.30
Xac suat dé 3 trong s6 8 ngudi dugc chon ngau nhién vuot qua mic khau trir bao hiém, tic 1a 5 trong
s6 8 ngudi khong vuot qua mire khau trir, 13 bao nhiéu? Nhé rang: 70% s ngudi khdng vurot qua mure
khau trir.

Chung ta mudn ap dung md hinh phan phdi nhj thirc, vi vy can kiém tra cac diéu kién. S6 [an thir 13 c6
dinh (n = 8) (diéu kién 2), k&t qud mdi phép thir cé thé phan loai Ia thanh cong hoic that bai (diéu kién
3). Do mau dugc chon ngiu nhién nén cac phép thir 1a déc 1ap (diéu kién 1), xac suat thanh cong a nhw
nhau trong méi [an thir (diéu kién 4).

Trong két qua quan tam, cé k = 5 Ian thanh céng trong n = 8 [an th&r (Nh& rang: “thanh cdng” & day duoc
@ dinh nghta |13 nguoi khéng vt qua mirc khau trir), va xac suat thanh cong la p = 0.7. Vay xac suat dé 5
ngudi trong sé 8 ngudi khéng vueot mire khau trir (va 3 ngudi vuot mirc) duoc tinh theo cdng thirc:

1

8 a— 8! _
(5) (0,7)5(1-0,7)8% = m(0,7)5(1 —0,7)85
I

—(0,7)°(1 —0,7)8°

5! 3!
X ly phan giai thira:
8! _8><7><6><5><4><3><2><1_8><7><6_
513 5x4x3x2x1DBx2x1) 3x2x1
Biét rang (0,7)%(0,3)% = 0,00454, xac suat cudi cung sé la 56 x 0,00454 =~ 0,254

56

TINH TOAN CAC XAC SUAT NHI THU'C

Budc dau tién khi sir dung mé hinh nhi thirc 1a kiém tra xem mé hinh cé phu hop khéng. Budc thir hai 1a xac
dinh céc gid tri n, p, va k. O budc cudi cung, sir dung phan mém hodc cic cong thirc dé tinh xac suat, sau do
dién giai két qua.

Né&u ban phai thuc hién tinh todn bang tay, thi viéc rit gon cang nhiéu sé hang cang tot & tlr s6 va mau sé clia
hé s& nhi thirc thudng rat hivu ich.

BAI TAP THU'C HANH 4.31

N&u ching ta chon ngau nhién 40 ho so tir cdng ty bao hiém d3 dé cap truwdce do, thi ta ky vong cé bao nhiéu
@ ho so trong s& d6 khong vugt qua mirc khau trir trong mdt ndm nhat dinh? Do 1éch chuén ctia s6 ho so khong
vuot qud mac khau trir 13 bao nhiéu? 2

BAI TAP THU'C HANH 4.32

Xac suat dé mot ngwoi hat thude ngdu nhién mac mot bénh phdi nghiém trong trong sudt cude doi clia ho la
@ khoang 0.3. N&u ban cé 4 nguwdi ban hat thudc, thi cic didu kién d& ap dung mé hinh phan phéi nhj thirc cé
duogc théa man khéng?

22 Chung ta duoc yéu cau xac dinh con s8 ky vong (gia tri trung binh) va dé I&ch chuin, ca hai déu cé thé duoc tinh tryc tiép tir cac cdng thirc:
u=np=40x0,7=28vaoc=np(l—p)=+40x0,7%X0,3 = 2,9.Vikhoang xap xi 95% cac quan sat ndm trong pham vi +2 d6 léch chun
quanh gia tri trung binh (xem Muc 2.1.4), nén ching ta c6 kha ning s& quan sat thay it nhat 22 nhung it hon 34 ngwoi trong mau khong vuot qua
mirc khau trir.

B M6t cau tra |oi kha thi: NEu nhitng ngudi ban dé quen biét nhau, thi gid dinh vé tinh déc 1ap cé 18 khéng duoc théa man. Vi du, nhitng ngudi
quen cd thé cé théi quen hut thudc tuong tw nhau, hodc ho cé thé ciing nhau cam két s& cai thudc, didu nay tao ra su phu thudc giita cac két qua
v&i nhau.
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BAI TAP THU'C HANH 4.33

Gia st b&n ngudi ban nay khéng quen biét nhau va ching ta cd thé xem ho nhu mot mau ngau nhién tr quan
thé. Khi d6, m6 hinh phan phéi nhij thirc cé phu hop khéng? Xac suat cla cac sy kién sau 1a bao nhiéu: %

@ a) Khong ai trong s6 ho mac bénh phdi nghiém trong?

b) Chicé mdt ngudi mac bénh phéi nghiém trong?

c) T6i da mdt ngudi mac bénh phdi nghiém trong?

BAI TAP THU'C HANH 4.34
@ Xac suat dé cé it nhat 2 trong s6 4 ngudi ban hut thudc clia ban s& méc bénh phéi nghiém trong trong suét
cudc doi cha ho 1a bao nhiéu? »

BAI TAP THU'C HANH 4.35
Gia str ban c6 7 ngwdi ban hut thudc va cé thé xem ho nhu mdt mau ngiu nhién tir quan thé ngudi hit thudc.
26
a) Ban ky vong cé bao nhiéu ngudi trong s6 ho s& mac bénh phdi nghiém trong? (Tt 1a: gid tri
trung binh la bao nhiéu?)
b) Xdc suat dé t6i da 2 trong s6 7 ngudi ban nay sé mac bénh phdi nghiém trong 1a bao nhiéu?

Tiép theo, chiing ta xét dén thanh phan dau tién trong céng thirc xac suat nhj thirc, dé la n chon k trong mot sé
trwong hop dac biét.
BAI TAP THU'C HANH 4.36
n . (n s a4 . LN A
@ Tai sao (0) =1va (n) = 1 13 ddng v&i moi s6 nguyén n? ?’

BAI TAP THU'C HANH 4.37
@ C6 bao nhiéu cach dé sdp xép mot [an thanh cdng va n - 1 [an that bai trong n [an thr? Cé bao nhiéu cach dé
sap xép n - 1 1an thanh cdng va mat an that bai trong n [an thi? 28

24pé kiém tra xem md hinh nhi thirc cé phu hop hay khéng, ching ta phai xdc minh cac diéu kién sau. (i) Vi ching ta gia dinh rang
6 thé xem nhitng ngudi ban ndy nhu mot mau ngdu nhién, nén céc phép thir 1a doc 1ap. (i) Ching ta cé s6 1an thir ¢6 dinh (n = 4).
(iii) M&i k&t qua 13 mot [an thanh cong hodc that bai. (iv) Xac sut thanh cong 13 gidng nhau trong m&i phép thir vi cic ca nhan nay
duoc coi nhw mdt mau ngdu nhién (p = 0.3 néu ching ta goi “thanh cong” |a mét ngwdi méc bénh phéi, thi d6 13 mot lwa chon kha

rung ron). Tinh cac phan (a) va (b) bang cach st dung cong thirc phan phdi nhj thirc:P(0) = (g) (0,3)°(0,7)*=1x1x0,7% =

0,2401, P(1) = (‘1*) (0,3)1(0,7)% = 0,4116. Luu y: 0! = 1. Phan (c) c6 thé duoc tinh bing cach cong cac phan (a) va (b): P(0) +

P(1) = 0,2401 + 0,4116 = 0,6517. Didu d6 c6 nghia la c6 khoang 65% kha ndng rang khdng qua mot trong bén ngudi ban hat
thudc clia ban s& méc bénh phdi nghiém trong.

25X4c suat dé “khdng qua mot ngudi sé mac bénh phdi nghiém trong” da duogc tinh trong The hanh cé hwéng dan 4.33 13 0,6517,
vi vay chung ta tinh 1 trir gid tri nay: 0,3483.

% (a) u=03x7=21. (b) P(0,1,hodc 2 ngudisé mit bénh phdinghiém trong) = P(k =0)+P(k=1)+P(k=2) =
0,6471.

27Dién gidi cac biéu thirc nay thanh |oi. C6 bao nhiéu cach khac nhau dé sdp x&p 0 [an thanh cdng va n [an that bai trong n [an thir?
(1 cach) C6 bao nhiéu cach khac nhau dé sdp x&p n [an thanh céng va 0 [an thét bai trong n [an thir? (1 cach)

28 M6t 1an thanh cdng va n-1 [an that bai: ¢é chinh xac n vi tri khac nhau dé& d3t mat [an thanh cong, vi vy cé n cach dé sap x&p
mot [an thanh céng va n-1 [an that bai. Lap ludn twong tu cling dwoc dp dung cho cau hdi thir hai. V& mat todn hoc, ching ta chirng
minh nhitng két qua nay bang cach xac minh hai phuwong trinh sau:

=n - GI.)=n
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4.3.2 Xap xi chuan cho phan phdi nhi thirc

Cong thirc phan phéi nhj thirc tré nén ruwdm ra khi c& mau (n) Idn, ddc biét 1a khi ching ta xét d&n mot khoang
gid tri quan sat. Trong mét s6 trudng hop, ching ta cé thé sir dung phan phdi chudn nhu mét cach wdc lwong xac suat
nhi thirc don gian va nhanh hon.

VIDU 4.38
Khodng 15% dan s6 Hoa Ky hut thudc 1a. Mot chinh quyén dia phuong tin ring cong dong cla ho cé ty
1& ngudi hat thuSce thap hon, nén d3 Uy quyén thuc hién mot cudc khdo sat vdi 400 cad nhan duoc chon
ngau nhién. K&t qua khao sat cho thay chi cé 42 trong s6 400 nguwdi tham gia hut thubce. Néu ty 1é thuc
sy cla ngudi hat thudc trong cong déng nay 1a 15%, thi xac suit quan sat dugc 42 ngudi hut thudc hodc
it hon trong mét m3u gdbm 400 ngudi 1a bao nhiéu?
Chung ta dé viéc kiém tra théng thudng bdn diéu kién dp dung mé hinh nhi thire lai nhw mét bai tap.
@ Cau héi duoc dat ra twong dwong vdi viéc hdi: xac suit quan sat dugc k=0, 1, 2, ..., hodc 42 ngudi hut
thudc trong mdt mau cé n = 400 khi p = 0.15? Ching ta c6 thé tinh 43 xac suat khac nhau nay va cong
tat ca lai d& tim ra dap an:

P(k = Ohodck = 1hodc --- hodck = 42)

= P(k=0)+P(k=1)++P(k = 42)

= 0,0054
Néu ty Ié thyc si cda ngudi hat thubce trong cdng déng la p = 0,15, thi xac suit quan sat dwgc 42 ngudi
hut thudc hodc it hon trong mot mau gdm n = 400 |a 0,0054.

Cac phép tinh trong Vi du 4.38 rat dai va tén cong. Noi chung, ching ta nén tranh thuc hién nhitng tinh toén
nhu vay néu ton tai mot phuong phép thay thé nhanh hon, dé hon va van chinh xac. Hay nhé rang viéc tinh xac suét cho
mot khodng gid tri 13 dé& dang hon nhiéu khi st dung mé hinh chuan. Ching ta cé thé tu hoi: liéu cé hop ly khong khi st
dung mé hinh chuin thay th& cho phan phéi nhj thirc? Diéu dang ngac nhién la: c6 — néu mét s6 didu kién nhat dinh
duwoc thoa man.

BAI TAP THU'C HANH 4.29

Tai day, ching ta xét mé hinh phan phdi nhj thire khi xdc suat thanh cong |a p = 0.10. Hinh 4.9 biéu di&n bén
@ biéu db6 cot rdng (hollow histograms) cho cdc mau md phoéng tir phan phai nhj thire, st dung bén ¢& mau khac

nhau: n = 10, 30, 100, 300. Diéu gi xay ra v&i hinh dang clia cac phan phdi khi c& m3u ting I1&n? Biéu d6 rong

cudi cling gidng véi phan phdi nao? »°

XAP Xi CHUAN CUA PHAN PHOI NH| THUC

Phan ph6i nhij thirc véi xac suat thanh cdng p gan giéng véi phan phdi chudn khi ¢c& mau n da 1én sao cho ca
np va n(1 - p) déu 1&n hon hodc bang 10. Phan phdi chudn xap xi cé cac tham s6 tuong (ng véi gia trj trung
binh va dé Iéch chuan cla phan phéi nhj thirc:

p=mp 0 = =P

X&p xi chuan cé thé dwoc st dung khi tinh xac suat cho mét khodng gdm nhiéu kha nang thanh céng. Ching han,
chiing ta c6 thé ap dung phan phdi chuan cho tinh huéng dugc néu trong Vi du 4.38.

29phan phdi dwoc chuyén déi tir mdt phan phdi thd va léch thanh mat phan phdi cd hinh dang kha giéng v&i phan phdi chuan trong biéu d6 rong
cudi cung.
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Hinh 4.9: Biéu d6 réng cla cac mau lay tlr md hinh phan phdi nhj thirc véi p = 0.10. C& mAau twong (ng clia bén biéu do
lan =10, 30, 100, va 300.

ViDU 4.40
Ldm thé& nao ching ta cé thé sl dung xap xi chuan dé udc lugng xac suit quan sat duoc 42 ngudi hat
thudc hodc it hon trong mdt mau gdm 400 ngudi, néu ty 1é thyce sy cha ngudi hat thudc la p = 0.15?

Viéc chirng minh rang md hinh nhj thire 1a hop ly d3 dwoc dwa ra nhu mot bai tap trong Vi du 4.38.
Chung ta cling kiém tra rang ca np va n(1 - p) déu lén hon hoédc bing 10:
@ np = 400 x 0,15 = 60 n(l —p) =400 x 0,85 = 340

Khi cac diéu kién nay d3 duwoc kiém tra va théa man, ching ta cé thé sir dung xap xi chuan thay thé cho phan
phdi nhj thire, vai viée st dung gid tri trung binh va do [&ch chuan I8y tir mé hinh phan phdi nhj thirc:
‘ u=np =060 ‘ og=+np(l—p) =714
Ching ta mudn tim xac sut quan sat dugc 42 ngudi hit thudc hodc it hon bang cach sir dung md hinh
nay.

BAI TAP THU'C HANH 4.29
S&r dung mé hinh chuan N(u = 60; 0 = 7,14) dé uwdc lugng xac suat quan sat dwgc 42 ngudi hat thudc hodc
it hon. K&t qua cta ban nén xap xi vdi |oi gidi trong Vi du 4.38: 0,0054. *°

, , 42-60
30Tinh Z-score trudc:Z = —

= 2,52. Dién tich phia bén trai twong (ng la 0,0059.
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4.3.3 Xap xi chuan tr& nén khdng chinh xac khi 4p dung cho cac khoang nhé
Xap xi chuan cho phan phdi nhj thirc c6 xu hwéng hoat déng kém hiéu qua khi wdc lwgng xac suat cia mot
khodng gid tri nhod, ngay ca khi cac diéu kién ap dung dugc thda man.

Gia s chiing ta mudn tinh xac suat quan sat dwoc 49, 50 hodc 51 ngudi hut thudc trong mot mau gobm 400
ngudi, khi p = 0.15. Vi mot ¢& mau Ién nhu vay, ching ta cé thé bi cdm db 4p dung xap xi chudn va s dung khoang tir
49 dén 51. Tuy nhién, ching ta sé& thay rang k&t qua tir phan phdi nhij thirc va xap xi chuan khac biét mét cach rd rét:

Phan phéi nhj thirc: 0,0649 Xap xi chudn: 0,0421
Chung ta c6 thé xac dinh nguyén nhan cla sy sai l&ch nay bang cach s dung Hinh 4.10, trong dé hién thj cac

dién tich biéu dién xac suat theo phan phdi nhj thirc (vien nét) va xap xi chudn (t6 béng). Luu v rang bé réng cla ving
dudi dudng cong phan phdi chuéan bi thigu 0.5 don vi & mdi phia clia khoang.

I T T 1 1

40 50 60 70 80
Hinh 4.10: M6t dwdng cong chuan vdi vung dién tich gilta 49 va 51 dugc td bong. Vung dugc vién nét biéu thi xac suat
chinh xac theo phan phai nhi thirc.

CAI THIEN XAP Xi CHUAN CHO PHAN PHOI NH| THUC

Xap xi chuin cho phan phéi nhi thirc trong cac khoadng gia tri thwdng duoc cai thién néu cac gia tri ngudng
(cutoff) duoc diéu chinh nhe. Gia tri nguwdng phia dudi cha ving t6 bong nén dugc gidm 0,5, va gia tri ngudng
phia trén nén duoc tang 0,5.

Meo thém dién tich khi 4p dung xap xi chudn thudng hitu ich nhat khi xét mot khoang gid tri quan sat. Trong vi
du & trén, udc luvgng d3 didu chinh theo phan phdi chuin 13 0,0633 - gdn hon nhiéu so vdi gia tri chinh xac 13 0,0649.
Ma3c du cling cé thé dp dung diéu chinh nay khi tinh dién tich & duéi (tail area), nhung |gi ich cha viéc diéu chinh thuong
khéng con rd rét, vi khodng téng thé trong nhirng truorng hop d6 thudng kha rong.
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Bai tap

4.17 Ubng rwou khi chwa dd tudi, Phan 1. DI liéu thu thap béi Co quan Quan Iy Dich vu Strc khde TAm than va Lam dung
Chat (SAMSHA) cho thay rang 69,7% thanh nién tir 18 dé&n 20 tudi d3 tiéu thu do udng cé con trong bat ky ndm nao.*'
a) Gia s chon ngdu nhién mo6t mau gébm 10 ngudi trong do6 tudi 18-20. Viéc si dung phan phéi nhj thirc ¢ phu
hop dé tinh xac suat chinh xac 6 ngudi da tiéu thu d6 udng cé cdn khéng? Giai thich.
b) Tinh xac suat dé chinh xdc 6 trong s6 10 ngudi dugc chon ngau nhién d3 tiéu thy d6 udng cé con.
c) Tinh xac suat dé chinh xac 4 trong s6 10 ngudi 18-20 tudi khdng tiéu thu d6 udng cé con.
d) Tinh xac suat dé nhiéu nhat 2 trong s6 5 ngudi 18-20 tudi dwoc chon ngiu nhién d3 tiéu thu d6 udng cé con.
e) Tinh xac suat dé it nhat 1 trong s6 5 ngudi 18-20 tudi dwoc chon ngau nhién d3 tiéu thy d6 udng cé con.

4.18 Bénh thay dau, Phan I. Bénh vién Nhi Boston wdc tinh ring 90% ngudi My da tirng mac bénh thdy dau trudc khi
trwdng thanh.>?
a) Gia st ching ta 1dy mot mau ngiu nhién gdbm 100 ngudi trwdng thanh & My. Viéc st dung phan phdi nhj thirc
c6 phu hop dé tinh xac suat chinh xac 97 trong s 100 ngudi do6 da tirng bi thdy dau luc nhoé khéng? Gidi thich.
b) Tinh xac suat dé chinh xdc 97 trong s6 100 ngudi trwdng thanh ngau nhién d3 tirng bi thay dau khi con nhé.
c) Tinh xac suit dé chinh xac 3 trong s6 100 ngudi truwdng thanh chuwa tirng bi thdy dau lic nhé.
d) Tinh xac suat dé it nhat 1 trong s6 10 ngudi trudng thanh ngdu nhién d3 tirng bj thay dau.
e) Tinh xac suat dé nhiéu nhat 3 trong s6 10 nguoi trwdng thanh ngdu nhién chua tirng bi thiy dau.

4.19 Udng rwou khi chwa di tudi, Phan 1. Nhw d3 tim hiéu trong Bai tap 4.17, khodng 70% ngudi tir 18-20 tudi tiéu thy
d6 udng cé con mbi ndm. Bay gid ta xét mot mau ngau nhién gdom 50 ngudi trong d6 tudi nay.
a) Ban ky vong bao nhiéu ngudi d3 tiéu thu d6 udng cé cdon? Va do léch chuin |13 bao nhiéu?
b) Ban c6 ngac nhién néu cé 45 ngudi trd 1én d§ tiéu thu d6 uéng c6 con khong?
c) Tinh xac suat rang 45 ngudi trd 1én trong mau nay d3 tiéu thu d6 udng cé con. Xac suat nay lién quan thé nao
dén cau tra oi phan (b)?

4.20 Bénh thay dau, Phan Il. Nhw d3 néu trong Bai tp 4.18 khoang 90% nguoi trwdng thanh My d3 tirng bi thdy dau
trudc tudi tredng thanh. Gid xét mét mau ngau nhién gdm 120 nguoi trwedng thanh My.
a) Ban ky vong bao nhiéu ngudi trong mau nay da tirng bi thay dau khi nhé? Va d6 léch chuan 13 bao nhiéu?
b) Ban cé ngac nhién néu cé tdi 105 ngudi d3 tirng bi thiy dau khi con nhd khéng?
c) Tinh xac suat rang 105 ngudi hodc it hon trong mau nay d3 tirng bi thly dau khi nhd. Xac suat nay lién quan thé
nao dén cau tra 1&i phan (b)?

4.21 Tro choi con quay Dreidel. A Mt con quay Dreidel cé bdn mét véi cac chir cai Hebrew: nun, gimel, hei va shin - mi
mét cd xac suat nhu nhau khi quay. Gia st ban quay con quay ba lan. Tinh xac suat dé:
a) C6 it nhat mot [an ra mat nun?

b) Cé it nhat mét [an ra mat nun?
c) Chinh xac 1 [an ra mat hei? Photo by Staccabees, cropped
: ) (http://flic.kr/p/7gLZTf)

Nhiéu nhat 2 I3 5t gimel? " ‘
d) iéu nhat 2 Ian ra mat gime 3 CCBY 2.0 license
-
=y "

31SAMHSA, Office of Applied Studies, National Survey on Drug Use and Health, 2007 and 2008.
32Boston Children’s Hospital, Chickenpox summary page, referenced April 29, 2021.


http://www.openintro.org/redirect.php?go=textbook-flickr_staccabees_dreidels&referrer=os4_pdf
http://www.openintro.org/redirect.php?go=textbook-CC_BY_2&referrer=os4_pdf
http://www.openintro.org/redirect.php?go=textbook-SAMHSA_2007_8&referrer=os4_pdf
http://www.openintro.org/redirect.php?go=textbook-bostonchildrenshospital_chickenpox_vaccine&referrer=os4_pdf
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4.22 Chirng so nhén. Mot khdo sat Gallup cho thay ring 7% thanh thiéu nién (13-17 tudi) mac ching s nhén nghiém
trong. O mot trai he, c6 10 thanh thidu nién ngd trong mdi l2u. Gia st rang 10 nguoi nay 1a doc 1ap véi nhau.

a) Tinh xac suat dé it nhat 1 ngwdi méc ching sg nhén.

b) Tinh xac suat dé chinh xac 2 ngudi mac chirng so nhén.

c) Tinh xac suat dé nhiéu nhat 1 ngudi mac chirng so nhén.

d) Né&u ngudi phu trach mudn ddm bao khong qua 1 ngudi trong méi [8u s¢ nhén, viéc phan ngiu nhién céc ban

vao léu cé hop ly khéng?

4.23 Mau mat, Phan I1. Bai tp 4.13 néu rdng mdt cip vo chdng cd mat nau cé xac suat 0.75 sinh con mat nau, 0.125 mat
xanh va 0.125 mat xanh luc.

a) Tinh xac suat dé dira con dau cé mat xanh luc va dra thit hai thi khong?

b) Tinh xac suat dé chinh xac mat trong hai dra tré c6 mat xanh lyc?

c) N&u ho cé 6 dira con, xac suat dé chinh xdc hai trong s& dé cé mat xanh lyc 13 bao nhiéu?

d) Né&u ho c6 6 dira con, xac suat dé it nhat mdt dira cé mat xanh luc 13 bao nhiéu?

e) Xdacsuat dé dira con mat xanh luc dau tién 13 da con th tv 13 bao nhiéu?

f)  Liéu viéc chicd 2 trong 6 dira tré c6 mat nau cé duoc xem la didu bat thwong khong?

4.24 Bénh thi€u mau hong cau hinh lim. P4y 1a bénh di truyén lam cho héng cau mat tinh linh hoat va cé hinh dang bat
thudng, gay ra nhiéu bién chirng. Néu ca hai b6 me déu mang gen bénh, thi con cai cé: 25% kha nang méc bénh, 50% |a
ngudi mang gen, va 25% khdng mang gen cling khdng mac bénh. Néu mét cip bé me mang gen ¢é 3 ngudi con, tinh xac
suat dé:

a) Haingudi con mac bénh?

b) Khong ngudi con ndo méc bénh?

c) it nhat mot ngudi con khong méac bénh va khéng mang gen bénh?

d) Dra con dau tién mac bénh 1a dtra con thir ba?

4.25 Kham pha hodn vi. Cong thirc s6 cach sdp xép n dditwonglan! = n X (n — 1) X ... X 2 X 1. Bai tdp nay s&
huéng dan ban khai trién cong thirc cho mot vai trudng hop déc biét. Mot cong ty nhé cé 5 nhan vién: Anna, Ben, Carl,
Damian va Eddy. C6 5 chd dau xe xép thanh mdt hang tai cong ty, khong ai dwoc chi dinh chd ¢é dinh, va mdi ngay cac
nhan vién s& dau xe vao mat vj tri ngau nhién. Néi cach khac, moi thir tw sap x&p xe trong hang déu cé xac suat nhw nhau.

a) Vao mdt ngay cho trudc, xac suat cdc nhan vién dau xe theo dung thir ty bang chir céi la bao nhiéu?

b) NE&u thir tu theo bang chit cai cé xac sudt bang nhau nhu cac thi ty khéc, thi cé bao nhiéu cach sap x&p 5 chiéc

xe?
c) Gid xét mdt mau gdm 8 nhan vién. Cé bao nhiéu cach sip x&p xe clia 8 ngudi?

4.26 Con trai. DU ngudi ta thuwong cho rang xac suat sinh con trai va con gai bang nhau, nhwng thuc té xac suat sinh con
trai 13 0.51. Gid s&t mét cdp d6i du dinh cd 3 con.

a) S dung mé hinh nhi thirc dé tinh xac suat hai trong s& ba ngwdi con 13 con trai.

b) Liét ké tat ca cach sap x&p cd thé clia 3 ngudi con trong dé cd 2 ngudi 1a con trai. St dung céac trwong hop dé
dé tinh xac suat gidng nhu & phan (a) nhung dp dung quy tac cong cho cac bién cd rdi nhau. Xac nhan rang két
qua phan (a) va (b) gi6bng nhau.

c) N&u mudn tinh xac suat ring mot cdp déi dy dinh cé 8 ngudi con va cé ding 3 ngudi con trai, hdy mé ta ngan
gon vi sao phuong phap & phan (b) sé phirc tap hon so véi phan (a).

3Gallup Poll, What Frightens America’s Youth?, March 29, 2005.


http://www.openintro.org/redirect.php?go=textbook-frightens_youth_2005&referrer=os4_pdf
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4.4 Phan phdi nhj thirc 4m

Phan phdi hinh hoc md ta xac suat quan sat dugc Ian thanh cong dau tién & [an thr th& n. Phan phdi nhj thirc
am thi téng quat hon: néd mé ta xac suat quan sat dwoc [an thanh cong th& k & [An thir thi n.

VIDU 4.42

M&i ngay, huan luyén vién béng bau duc trung hoc néi véi Brian — cau thi sut chinh — riing cau &y c6 thé vé
nha sau khi stt thanh céng 4 qua phat & khoang cach 35 yard. Gia s&r mdi [an sut c6 xac suat thanh cong la p.
NE&u p nhé — vi du gan 0.1 — liéu ching ta c6 mong dgi rang Brian s& can nhiéu lan sut truwdce khi thanh cong 4
qua khong?

@ Ching ta dang ch& doi [an thanh cdng thir 4 (k = 4). Néu xac suit thanh céng (p) nhd, thi sé [an thir (n) cé
kha nang s& 1&n. Didu ndy cé nghia 1a Brian nhiéu kha ning sé& can nhiéu [an sat trwdc khi dat dugc 4 1an
thanh céng (k = 4). N6i cach khac, xac suat dé n nhé la thap.

DE& xac dinh modt truwdng hop nhj thirc 4m, ching ta kiém tra 4 diéu kién. Ba diéu kién dau ciing giéng nhuv
trong phan phdi nhj thirc théng thudng.

€O PHAI LA NH] THU'C AM KHONG? BON DIEU KIEN CAN KIEM TRA:
1) Céclanthir 13 doc lap.
2) M@i lan thir chi cé thé phan loai 1a thanh cdng hodc that bai.
3) Xac suat thanh cong (p) 1a giéng nhau & mdi an thir.
4) Lan thir cudi cung phai la mot [an thanh cong.

BAI TAP THU'C HANH 4.43

@ Gia st Brian rat cham chi luyén tap va mobi lan sut & khodng cach 35 yard, cau cd xac suat thanh cong la p =
0.8. Ban hay doan xem Brian s& can khodng bao nhiéu lan sit trudc khi thye hién dugce cu da thanh céng thir
4,3

ViDu 4,44
& budi tap hdm qua, Brian chi mat 6 Ian thir d& hoan thanh cd da th tw. Hay viét ra tat ca cac chudi cu
da c6 thé xay ra.

Vi Brian can 6 [an dé dat dwoc [an thanh cong thi tw, ching ta biét rang cl da cudi cung chic chan la mot
@ Ian thanh cong. Diéu nay cé nghta 13 3 [an thanh cong va 2 Ian that bai phai ndm trong 5 Ian thir dau tién.
C6 tat ca 10 chudi kha di gdm 3 [an thanh cdng va 2 [an that bai trong 5 an thir d3u, duoc liét ké trong Hinh
4.11. Néu Brian dat dwoc [an thanh céng thir tu (k = 4) & [an thir thi sau (n = 6), thi chudi cac [an thanh cong
va that bai clia cdu dy phai 1a mat trong 10 chudi kha di nay.

BAI TAP THU'C HANH 4.45
Mbi chudi trong Hinh 4.11 ¢ chinh xac 2 [an that bai va 4 [an thanh céng, véi [an cudi cling ludn 1a mat [an
thanh céng. N&u xac suat thanh céng 1a p = 0.8, hdy tinh xac suat cla chudi ddu tién trong hinh. *°

34 M6t cau tra 101 kha di: vi Brian cé kha nang sut thanh cong mdi qua phat, nén ciu dy s& can it nhat 4 [an thi, nhung cé thé khong qué 6 hodc 7
lan.
35 Chudi d3u tién: 0,2 x 0,2x 0,8x 0,8x 0,8 x 0,8 =0,0164.
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Hinh 4.11: Muwdi chudi kha di khi cd sut thanh cong thir tw xay ra & [an sat thd sdu.

Né&u xac suat dé Brian thyc hién thanh cdng mét cd sut phat 35 yard 13 p = 0.8, thi xac suit dé Brian mat chinh
xac sau lan thir d€ dat cd sat thanh céng thi tu 13 bao nhiéu? Ta cd thé viét nhu sau:

P(Brian mat 6 lan thir d€ thwc hién 4 cd sit thanh cong)
= P (Brian thuc hién 3 ct thanh cong trong 5 1an d4u, va thwc hién cd thit 6 thanh cong)
P(Chubi 1 HOAC chudi 2 HOAC ... HOAC chudi 10)

Trong d6 cac chudi a nhitng chudi trong Hinh 4.11. Ta cé thé phan tach xac suat cudi cing nay thanh téng cla
mudi khd ndng roi nhau:
P(Chudi 1 HOAC chudi 2 HOAC ... HOAC chudi 10)
= P( Chubi 1) + P(Chudi 2) + -+ + P(Chubi 10)

X4c sudt clia chudi d3u tién d3 duoc xac dinh trong HWONG DAN THU'C HANH 4.45 [3 0,0164, va m&i chudi khac
cling c6 clng xac suat. Vi mbi chudi trong mwoi chudi déu cé clng xac suat, tdng xac suat 1a muoi [an xac suat cla mot
chudi bat ky.

Cach tinh xac suat phan phdi nhij thirc am nay twong ty va&i céch giai cac bai todn phan phdi nhj thirc trong Muc
4.3. Xac suat duoc chia thanh hai phan:

P(Brian mit 6 1an thir d€ thwc hién 4 cd thanh céng)
= [S6 chubi kha di] x P(Mot chudi cu thé)

Ta xét riéng tirng phan, rdi nhan lai dé ra két qua cudi cung.
Trudc tién, ta xac dinh xac suat cla mot chudi cu thé. Mat truong hop don gidn 1a xay ra tat ca cac lan that bai
trudc (n—k [an), sau d6 13 k [an thanh cdng:

P(Mbt chubi cu thé)
= P(n — kIan thitbai va k I4n thanh c6éng)
1 —p)"*p*



160
4.4 PHAN PHOI NH| THU'C AM

Chung ta cling can xac dinh s8 chudi kha di trong trudng hop t8ng quét. O vi du trwdce, d3 xac dinh cé mudi
chudi ma trong dé ct sut thanh cong th( tw xay ra & [an st th sdu. Nhitng chudi nay duoc xac dinh bang cach ¢ dinh
[an thir cudi cling [d mot [An thanh cong, roi xem cé bao nhiéu cach dé sdp x&p cac két qua con lai. N6i cach khéc, ¢ bao
nhiéu cach dé sip x&p k - 1 1an thanh céng trong n — 1 1an th&? Didu nay cé thé duoc tim ra bang hé s6 chon chap k (n
chon k), nhung dp dungchon-1vak-1:

(n—1)= (n—1)! _ (n—-1)!
k-1 (k-DI((n-D-Gk-1D) &-D!'n-K!

Day 13 s6 cach khac nhau dé sdp x&p k - 1 1an thanh cdng va n - k [an that bai trong n - 1 [an th. N&u ban chua

quen véi ky hiéu giai thira (ddu chdm than “1”), h3y xem lai phan trinh bay vé giai thira & trang 150.

PHAN PHOI NHI THU'C AM
Phan phéi nhj thirc &m mb ta xac suat dé dat dwoc thanh cong thi k tai [an thir th n, trong d6 tat ca céc lan thir 13
doc lap:

n
P(thanh cong thit k & Bn thic thikn) = (m) pk(1 — p)nk

Trong dé p: 1a xac suit thanh cdng trong mét [an thir.

ViDU 4.46
Chirng minh rang, s&r dung cdng thirc clia phan phai nhj thirc 4m, xac suat Brian thuc hién cd d4 thanh
cdng thir tu & 1an thir thir sdu 13 0,164.

@ Xdc suat thanh céng trong mét [an dé 1a p = 0,8, s Ian thanh cdng mong mudn 13 k = 4, va s8 [an thir can
thiét trong trwdong hop nay lan = 6.
n—1 5!
(m)pk(l —p)" = 2 (08)1(0,2)% = 10 X 0,0164 = 0,164

BAI TAP THU'C HANH 4.47
@ Phan phai nhij thirc &m yéu cau mdi [an d4 cla Brian 13 doc 1ap. Ban cé nghi riing diéu nay hop ly khong? *°

BAI TAP THU'C HANH 4.48
@ Gid slr cac ci dd cla Brian la déc |ap. Xac suat dé Brian thyc hién thanh céng cl d4 tha tw trong vong 5 Ian d3
I3 bao nhiéu? *’

36 Chura thé két luan dirt khodt 13 cac 1an dd clia Brian c6 ddoc 13p hay khéng. Tuy nhién, nhiéu danh gia théng ké vé hiéu suat thi d4u thé thao cho
thay nhitng nd lyc nhu vay gan nhw doc l3p véi nhau.

37N&u cu da thanh céng thi tw cia Brian (k = 4) nam trong 5 an da du tién, thi cau dy hodc mat 4 Ian da hodc51anda (n=4 hodcn=5).Tacd p
=0,8 tir trwdce. St dung phan phéi nhj thitc Am dé tinh xac suat khin =4 va n = 5, sau dé cong hai xac suat nay lai:

P(n=4hoicn=5) =P(n=4)+P(n=>5)

5—-1

= 4-1
(E) 0,8)* + (m) (08)*(1—08) =1x041+4x0,082 =0.41+0,33 =074
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SO SANH GIU’A PHAN PHOI NH] THU'C VA NHI THU'C AM

Trong phan ph&i nhi thirc, ta thudrng cé mot sé [an thir ¢ dinh, va ta xem xét s8 [an thanh céng trong nhitng
[an thi d6. Trong phan phdi nhj thirc 4m, ta xem xét can bao nhiéu lan thir d€ quan sat dugc mot s lan
thanh cong c6 dinh, va yéu cau rang [an thir cudi cuing phai la mét [an thanh cong.

BAI TAP THU'C HANH 4.49

Vao 70% s8 ngay, bénh vién tiép nhan it nhat mdt bénh nhan dau tim. Vao 30% sé ngay, khdng cé bénh nhan
dau tim ndo dwoc ti€p nhan. Xac dinh tirng trudng hop sau 1a thudc phan phdi nhj thirc hay nhi thirc m, va
tinh xéc suat tuwong (rng.>®

@ a) Xac suat d€ bénh vién ti€p nhan bénh nhan dau tim chinh xdc trong ba ngay trong tuan nay Ia bao
nhiéu?
b) Xac suat dé ngay th( tv trong tuan |a ngay th(r hai ma bénh vién tiép nhan bénh nhan dau tim |4 bao
nhiéu?
c) Xacsuat dé ngay thi ndm trong thang tdi |a ngay dau tién bénh vién ti€p nhan bénh nhan dau tim 13
bao nhiéu?

38Trong mdi phan, xac suat thanh cong 1a p = 0.7. (a) S6 ngay la c& dinh, vi vay day 1a truong hop phan phdi nhj thire. Cac tham s6 1a k = 3 (s6 ngay
¢6 bénh nhan dau tim) va n = 7 (7 ngay trong tuan). Xac suat = 0,097. (b) Thanh céng cudi cung (ti€p nhan bénh nhan dau tim) dwoc cd dinh vao
ngay cudi cung (ngay th 4), vi vay ta nén dp dung phan phéi nhi thirc &m. Céc tham s6 1a k = 2 (Ian tiép nhan th hai), n = 4 (ngay thi tv 13 téng
s6 [an thir). Xac suat = 0,132. (c) Pay la trwdng hop phan phdi nhj thirc 4m, v&i k = 1 (Ian dau tién cé bénh nhan) va n = 5 (ngay thr 5). Xac suat =
0,006. Luu y: Tredng hop phan phéi nhj thirc 4m khi k = 1 chinh la phan phéi hinh hoc.
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Bai tap

4.27 Tung xtic xac. Tinh cac xac sudt sau va chi ra md hinh phan phsi xac suat phli hop trong tirng trwdng hgp. Ban tung mét con
xtc xac cong bang 5 [an. Xac suat 1a bao nhiéu dé:

a) rasd 6 dautién & lan tung thir nam?

b) radlngbalansd 6?

c) lanrasd 6 thir ba roi vao Ian tung th&r ndm?

4.28 Choi phi tiéu. Tinh cac xac suit sau va xac dinh mé hinh phan phéi xac suit phu hop. Mot ngudi choi phi tiéu rat gioi cé xac
suat tring hdéng tdm (vong tron dé & gilta bang phi tiéu) 1a 65%. Xac suét 1 bao nhiéu dé ngudi do:

a) trung hong tdm lan th& 10 vao [an ném tha 15?

b) trang hong tdm 10 Ian trong 15 [an ném?

c) lantring hdng tdm dau tién roi vao |an ném thir ba?

4.29 Lay mau tai trwong. Trong mdt du 4n mdn x3 hdi hoc, ban duoc yéu cau thuc hién khao sat vai 20 sinh vién tai truéng. Ban
quyét dinh dirng ngoai cing-tin ky tlc xa va khao sat mét mau ngiu nhién gdm 20 sinh vién roi cing-tin sau bira tdi. Ky tic xa ctia ban
€6 45% nam va 55% nir.
a) M0 hinh xac suat nao phu hop nhat dé tinh xac suat ring ngudi dugc khdo sat thir 4 13 ngudi nir thir 2? Gidi thich.
b) Tinh xac suat trong phan (a).
c) Bakich ban cé thé din dén viéc nguoi thir 4 duoc khao sét 1a nit thir 2 1a
{M,M,F,F},{M,F,M,F },{F,M,M,F}
M6t diém chung gilra cac kich ban nay la: [an khao sat cudi cling ludn |3 nit. Trong 3 1an khdo sat dau tién cé 2 nam va 1 nit.
St dung hé s& nhj thirc (binomial coefficient) dé xac nhan ring cé 3 cach sap x&p 2 nam va 1 nir.
d) Hay srdung nhirng phat hién trinh bay trong phan (c) dé giai thich vi sao céng thirc hé s& trong phan phéi nhi thirc &m
a (Z:i) trong khi ¢ong thitc hé s6 trong phan phéi nhi thirc la (3).
4.30 Giao bong trong bong chuyén. M6t van déng vién béng chuyén khdng gidi cé 15% co hdi thuc hién giao bdng thanh cong,
ttre 13 danh qua béng qua lwdi va roi vao san ddi phuong. Gia st rang cac [an giao béng la doc lap véi nhau.
a) Xac suat dé lan giao béng thir 10 13 [an giao bdng thanh céng th 3 13 bao nhiéu?
b) Gia sl c6 dy d3 giao bdng thanh cdng 2 [an trong 9 Ian giao bdng dau. Xdc suit dé Ian giao béng thr 10 thanh céng 13 bao
nhiéu?
c) M3c du phan (a) va (b) mé ta cing médt kich ban, nhung xac suat ban tinh dugc s& khac nhau. Ban cé thé giai thich ly do cho
sy khac biét nay khéng?
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4.5 Phan phoi Poisson

VIiDU 1.10

C6 khoang 8 triéu ngwoi sGng tai thanh phd New York. VAy mdi ngay, chiing ta cé thé ky vong cé bao nhiéu ngudi
phai nhap vién vi nhdi mau co tim cap (AMI) — tirc |a bj dau tim? Theo s6 liéu trong lich si, trung binh mdi ngay cé
khoang 4.4 ngudi bi nhu vay. Tuy nhién, ching ta cling muén biét phan phdi xap xi cla sé ca xay ra. Néu ta ghi lai
@ s& ca AMI hang ngay trong sudt mot nam, biéu d6 tan sé (histogram) s& trong nhu thé nao?

Bi€u db tan s& s6 lwong ca AMI trong 365 ngay tai NYC duoc hién thi trong Hinh 4.12.%° Trung binh mau (4.38) rat
gan vdi trung binh t&r di¥ liéu trwde trong lich st (4.4). Do l&ch chudn mau khodng 2, va biéu d6 cho thay khoang
70% di¥ liéu ndm trong khoang tir 2.4 dén 6.4. Hinh dang ctia phan phdi 1a don dinh va léch phai.

80
60 1
0
'i,._% 40
20 1
0-

r T T T T T T T T T T T

S6 ca AMI (Theo ngay)

" Hinh 4.12: Biéu d tan s6 s6 ca AMI xay ra trong 365 ngay khac nhau tai thanh phé New York.

Phan phdi Poisson thudng hitu ich dé wéc lwgng s6 Ian xay ra clia mot sy kién trong mot quan thé |&n trén mot don
vi thoi gian ¢6 dinh. Vi du, hdy xem xét cac sy kién sau:

. Bi dau tim,

. K&t hén, va

. Bi sét danh.

Phan phéi Poisson gilip ta m6 ta s6 [an nhitng sy kién nhu vay xay ra trong mot ngay cho mot quan thé ¢ dinh, véi
diéu kién céc ca nhan trong quan thé 13 doc 1ap. Phan phdi Poisson cling cé thé dp dung cho cac don vi thdi gian khac, nhu
mdi gio’ hodc mdi tuan.

Biéu d6 tan s6 trong Hinh 4.12 xap xi mot phan phdi Poisson véi ty 1 (rate) bing 4.4. Ty |& trong phan phdi Poisson
[a s6 1an xay ra trung binh trong mot quan thé cd dinh trong mdi don vij thoi gian. Trong Vi du 4.50, don vj thoi gian 13 ngay,
quan thé 13 toan bod cuw dan Thanh phé New York, ty 18 lich st 13 4.4 su kién mdi ngay. Tham sé trong phan phdi Poisson chinh
13 ty 1& — tire 13 s6 luong su kién ky vong s& xay ra, va thudong dugc ky hiéu 1a A (lambda) hodc . Dya vao ty 1& ndy, ta cé thé
md ta xac suat dé quan sat chinh xac k sy kién trong mot don vi thoi gian.

39 D{¥ liéu trén |4 di¥ liéu m6é phdng. Trong thuc té, ta nén kiém tra xem cé méi lién hé gitta cac ngay lién tiép hay khoéng.
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Gia slr ching ta dang theo ddi mét s6 sy kién va sé lugng sy kién quan sat dwoc tudn theo phan phéi Poisson vdi

ty I& A. Khi d6:

e
k!

Trong d6, k c6 thé nhan cacgia tri 0, 1, 2, ..., va k! 12 giai thira cha k (43 dwoc md ta & trang 150), e = 2.718 1a co s6

clia logarit tu nhién. Ky vong trung binh va do l&éch chuin ctia phan phdi Poisson an lugt 1a A va VA

-A

P(quan sat dwogc k sy kién) =

Chung ta s& danh viéc thiét 1ap day du cac diéu kién chdt ché cho phan phdi Poisson cho mét khdéa hoc sau. Tuy
nhién, dwdi day 1a mot s6 nguyén tac don gian gitp danh gia ban dau xem md hinh Poisson c6 phu hop hay khong.

Mot bién ngau nhién cé thé tuan theo phan phdi Poisson néu ta dang dém s6 lwong sy kién xay ra, quan thé sinh ra
cac sy kién nay la I&n, cac su kién xay ra mot cach déc 1ap vai nhau.

Ngay ca khi cac sy kién khdng hoan toan doc 1ap — vi dy, th&r By va Chd nhat 13 nhitng ngay dac biét phd bién cho
viéc t8 chirc dam cudi — mo hinh Poisson van cé thé hop ly néu ta cho phép ty 1é A thay déi theo thoi gian. Trong vi du vé dam
cudi, ty 1& sé dwoc md hinh héa 1a cao hon vao cudi tuan so véi cac ngay trong tuan. Y twdng md hinh hda ty 1& A cGia phan
phdi Poisson theo mot bién thit hai, chdng han nhu ngay trong tuin, chinh [a nén tdng cho mot s6 phuong phap nang cao
hon, thudc linh vuc md hinh tuyén tinh téng quat (generalized linear models). Cac chuong 8 va 9 sé trinh bay nén tang cua
md hinh tuyén tinh (linear models).
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Bai tap

4.31 Khach hang tai quan ca phé. M6t quén ca phé phuc vy trung binh 75 khach mdi gi® trong gi® cao diém
budi séng.

a) Phan phdindo ma chungta da hoc 13 phi hop nhat dé tinh x4c suit mot sé lwgng khach hang nhat dinh dén
trong vong mdt gitr vao thoi diém nay trong ngay?

b) Trung binh va dé léch chuén cla s8 lugng khach ma quan ca phé nay phuc vu trong mét gid vao thoi diém
nay trong ngay la bao nhiéu?

c) Viéc chicé 60 khach dén quan ca phé nay trong mot gir vao thoi diém nay trong ngay cé duwoc xem |3 thap
bat thudng khéng?

d) Tinh xac suat quan ca phé nay phuc vu 70 khach trong mot gi vao thdi diém nay trong ngay.

4.32 Lbi danh may cha nguwoi danh toc ky. Mot ngudi danh toc ky cho toa an rat thanh thao, trung binh sé

méc mot 16i danh may madi gio.

a) Phan phdi xac suat nao la phu hop nhat dé tinh xac suadt mot s6 luong 16i danh may nhat dinh ma nguoi
danh t&c ky nay m3c trong mot gio?

b) Trung binh va dé léch chuan cta s& 16i danh mdy ma ngudi danh tdc ky nay mac 13 bao nhiéu?

c) Viéc ngudi danh tdc ky nay mac 4 16i trong mot gidr cé dugce xem 1a bat thudng khong?

d) Tinh xac suat nguoi danh toc ky nay mic ti da 2 16i trong mot gio.

4.33 €6 bao nhiéu xe dén? Tir th&r Hai d&n th& Nam khi khdng phai ngay 1€, s6 lvong phuong tién trung binh
dén mét clra hang ban 1é nhat dinh tir 2 gio d&n 3 gior chidu moi ngay 1a 6,5 xe, va s6 xe dé&n vao bat ky ngay nao
tuan theo phan phai Poisson.

a) Xac suat chinh xac cé 5 xe dén vao thir Hai tudn t&i 13 bao nhiéu?

b) Xacsuatcd 0, 1 hodc 2 xe dén vao thir Hai tudn tdi tir 2 gi&r dén 3 gid chiéu la bao nhiéu?

c) Cé trung binh 11,7 ngudi dén trong ciing khung gi® tlr cac phuong tién. Viéc sé ngudi dén bang xe trong khung

gi® nay cling tuan theo phan phéi Poisson c¢6 hop ly khdng? Giai thich.
4.34  Mat hanh ly. D6i khi mét hang hang khdng s& lam mat mot hanh Iy. Giad s mot hang hang khéng nhé
nhan thay rang c6 thé mo hinh héa hop ly s6 lwvgng hanh Iy bi mat mdi ngay trong tuan bang mo hinh Poisson
v@di trung binh 13 2,2 hanh ly.
a) Xac suat hang hang khéng s& khéng lam mat hanh Iy nao vao thi Hai tuan téi la bao nhiéu?

b) Xac suat hdng hang khéng s& lam mat 0, 1 hodc 2 hanh ly vao th Hai tun tdi la bao nhiéu?

c) Gia sl hdng hang khéng mé réng trong vong 3 ndm téi, gap doi s6 chuyén bay, va CEO hdi ban liéu cé hop ly dé

tiép tuc s&r dung mé hinh Poisson véi trung binh 2,2 hay khéng. Dau Ia khuyé&n nghi phu hop? Gii thich.
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Bai tap chvong

4.35 Tién thang trong tro choi roulette. Trong trd choi roulette, moét banh xe dugc quay va ban dat cuoc vao

noi banh xe s& dirng lai. Mt ki€u cwoc phd bién 13 cwoc vao 6 mau d4; loai curgc nay cé xac suat thang 13 18/38.

NE&u bénh xe dirng & 6 d8, ban s& nhan lai gdp d6i s6 tién da cwoc. Néu khdng, ban s& mat sé tién cugc. Gid sl

ban choi 3 [an, mdi [an cugc 1 d6 la. Goi YY la tdng s& tién thang hodc thua. Hay xay dung mo hinh xac suat cho

bién ngau nhién Y.

4.36 Vuottylé trén xa 16 1-5, Phan I. Phan phdi ty 1é cha céc xe 6 t6 ¢ nhan luu théng trén xa 16 lién bang I-5

& California gan nhu tuan theo phan phdi chuan, véi trung binh 13 72,6 dam/gi& va do6 léch chuin 13 4,78

dam/gio.*°

a) Cé6 bao nhiéu phan trdm xe 6 t6 cd nhan chay chdm hon 80 dam/gid?

b) C6 bao nhiéu phan tram xe & t6 ¢ nhan chay trong khodng tir 60 dén 80 dam/gi®?

c) Ty lé cta 5% xe chay nhanh nhét |a bao nhiéu?

d) Gidi han ty 1é trén doan duwdng nay la 70 dam/gid. Udc lvgng khodng bao nhiéu phan trdm xe chay vuot qua
gidi han ty 1 trén doan xa |6 nay.

4.37 Tuyén sinh dai hoc. Gid sir mot trwdng dai hoc théng bao rang ho da glri thu tring tuyén cho 2.500 sinh

vién cho khéa nhap hoc ndm téi. Tuy nhién, truong chi cé chd & ky tic xa cho 1.786 sinh vién ndm nhat. Néu xac

suat mot sinh vién da dwoc nhan thuc sy quyét dinh nhap hoc 14 70%, thi xac suit xap xi dé trwdong dai hoc

khoéng d0 chd & ky tdc xa cho sinh vién ndm nhat |3 bao nhiéu?

4.38 Vuotty lé trén xa 16 1-5, Phan 11. Bai tap 4.36 cho biét phan phdi ty 1é xe chay trén xa 16 I-5 & California

gan nhu tuan theo phan phéi chuin vdi trung binh 72,6 ddm/git va dé léch chuin 4,78 ddm/gid. Gidi han ty 1é

trén doan dudng nay la 70 dam/gio.

a) MOt canh sat giao théng dang 4n nap bén & dudng cao t6c. Xac sudt dé 5 chiéc xe chay qua déu khéng vuot
ty 1€ 13 bao nhiéu? Gia st ty |é clia céc xe la déc 1ap.

b) Trung binh, vién canh sat s& can quan sat bao nhiéu xe cho dén khi bat gdp chiéc xe ddu tién chay vuot ty
18? D6 I&ch chudn cla s6 xe can quan sat dé |1a bao nhiéu?

4.39 Phibdao hiém xe hoi. Gia sir mdt bai bdo cho biét phan phéi phi bao hiém xe hoi clia cw dan bang California

xap xi phan phéi chuan, véi trung binh 13 1.650 d6 la. Bai bdo ciing cho biét ring 25% cu dan California tra trén

1.800 d6 la tién bao hiém.

a) Z-score twong &ng véi 25% cao nhat (hay bach phan vi thi 75) trong phan phéi chuan |13 bao nhiéu?

b) Muc phi bdo hiém trung binh 13 bao nhiéu? Ngudng dé lot vao nhém 25% cao nhat 1a bao nhiéu?

c) Xac dinh dd léch chuan cla phan phdi phi bdo hiém xe hoi tai California.

4.40 Piém SAT. Diém thi SAT (trén thang diém 1600) c6 phan phdi chuin véi trung binh 13 1.100 va d6 léch

chuén la 200. Gia s hdi dong nha trudng trao gidy chirng nhan xuat sic cho tat ca hoc sinh dat it nhat 1.350

diém SAT, va gia st ta chon ngiu nhién mét hoc sinh trong nhém duoc vinh danh dé. Xac sust dé hoc sinh nay

c6 diém SAT it nhat 13 1.500 la bao nhiéu? (Phan kién thirc vé xac suat cé diéu kién & Muc 3.2 s& hitu ich cho cau

héi nay.)

4.41 Phu nir d3 két hon. Khdo sat Cong déng Hoa Ky (American Community Survey) uéc tinh ring 47,1% phu

nit tir 15 tudi trd 1én da két hon. ™!

a) Ta chon ngdu nhién 3 ngudi phu nit trong d6 tudi ndy. Xac suat dé ngudi phu nit the ba 1a ngwoi duy nhat
d3 két hon 13 bao nhiéu?

b) Xac suat dé ca ba ngudi phu nit dwoc chon ngau nhién déu da két hon 1a bao nhiéu?

c) Trung binh, ban s& can khao sat bao nhiéu ngudi phu nir dé chon dwoc mot ngudi d3 két hon? Do 1éch
chuan I3 bao nhiéu?

d) NE&uty lé phu nir d3 két hdn thuc té chi la 30%, thi ban sé can kho sat bao nhiéu ngudi dé chon dugc mot
ngudi da két hdon? Do 1éch chuin 1a bao nhiéu?

e) Dua trén ciu trd |&i & (c) va (d), viéc gidm xac suat cia mot sy kién dnh huwdng nhu thé nao dén ky vong va
dd léch chuan cla thoi gian chd doi cho dén khi thanh céng?

40, Johnson and D. Murray. “Empirical Analysis of Truck and Automobile Speeds on Rural Interstates: Impact of Posted Speed Limits”. In:
Transportation Research Board 89th Annual Meeting. 2010.

41 U.S. Census Bureau, 2010 American Community Survey, Marital Status.
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4.42 Ty |é phan hoi khao sat. Trung tdm nghién clru Pew bdo cdo ring ty I& phan hoi dién hinh cho cac khao
sat cha ho chi 13 9%. Néu trong mét khao sat cu thé, cd 15.000 ho gia dinh duwoc lién hé, xac sudt dé it nhat 1.500
ho déng y tham gia khao sat |a bao nhiéu? *?

4.43 Hanh ly qua can. Gia sir cAn n3ng hanh Iy ky glri cdia hanh khach di may bay phan b8 xap xi chun véi

trung binh 45 pound va dé léch chuén 3,2 pound. Hau hét cac hang hang khéng sé& thu phi vdi hanh ly ning trén

50 pound. Xac dinh ty |& phan trdm hanh khach s& phai chju loai phi nay.

4.44 Chiéu cao tré 10 tudi — Phan I. Chiéu cao cla tré 10 tudi (khong phan biét gidi tinh) phan b6 xap xi chuan

v@i trung binh 55 inch va d6 léch chuin 6 inch.

a) Xac suat mat tré dugc chon ngau nhién cé chidu cao thap hon 48 inch 1a bao nhiéu?

b) Xac sudt mot tré dwoc chon ngiu nhién cé chiéu cao trong khodng tir 60 dén 65 inch |1a bao nhiéu?

c) NEu 10% tré cao nhat dwgc xem 1a "rat cao", thi mirc chidu cao ngudng dé dugc xem 13 "rat cao" 1a bao nhiéu?

4.45 Mua sach trén Ebay. Gid sl ban dang can nhic mua sach gido khoa mén héa hoc dat tién trén Ebay. Di

liu tir cac phién dau gid trwdc cho thay gid sach nay phan bd gan chuin vdi trung binh $89 va dé léch chuin

$15.

a) Xac suat mét phién dau gia bat ky cé gia két thac trén $100 |3 bao nhiéu?

b) Ebay cho phép ban dit mirc gia t6i da ma ban sin sang tra, dé néu cé ngudi khac tra gid cao hon ban, hé
théng s& tyw déng nang gia cla ban 1én (t8i da dén mirc ban da dat). Néu ban chi tham gia mét phién d4u
gid, dau 13 wu va nhuoc diém cla viéc dat gia t6i da qud cao hodc qua thap? Con néu ban tham gia nhiéu
phién d4u gia thi sao?

c) N&u ban quan sat 10 phién d4u gia, thi ban nén sir dung phan vi khoang bao nhiéu dé dat mirc gia t6i da
nham cé co hdi thang it nhat mot phién dau gia?

d) N&u ban sin sang theo ddi t8i da 10 phién dau gid, ban nén dit gid t6i da khodng bao nhiéu dé cé thé kha
ch3c rdng minh s& mua dwoc mot cudn sach trong s6 d6?

4.46 Chiéu cao tré 10 tudi— Phan Il. Chiéu cao cla tré 10 tudi (khong phan biét gidi tinh) phan bé xap xi chuan

v@i trung binh 55 inch va d6 l1éch chuin 6 inch.

a) Yeu cau chiu cao t6i thiéu dé choi trd “Batman the Ride” tai cdng vién giai tri Six Flags Magic Mountain 13
54 inch. Bao nhiéu phan trdm tré 10 tudi khong d0 chidu cao dé choi tro nay?

b) Gid str cé bdn tré 10 tudi. Xac suat cé it nhat hai em du chiéu cao dé choi “Batman the Ride” 1a bao nhiéu?

c) Gia st ban dang lam viéc tai cdng vién va mudn hiéu rdé hon vé nhan khau hoc cta khach tham quan. Ban
dang d&m ngudi khi ho vao cong vién. Xac suat rang dra tré 10 tudi dau tién dl chiéu cao dé choi 13 ngudi
thi 3 di vao cong vién la bao nhiéu?

d) Xac sudt rang dira tré 10 tudi th&r ndm dd chiéu cao dé choi la ngwoi thir 12 vao cong vién 1a bao nhiéu?

4.47 Chiéu cao tré 10 tudi— Phan lll. Chiéu cao cta tré 10 tudi (khéng phan biét gidi tinh) phan b xap xi chuin

vdi trung binh 55 inch va d6 léch chuin 6 inch.

a) Ty létré 10 tudi cé chiu cao trén 76 inch 1a bao nhiéu?

b) NE&u cé 2.000 tré 10 tudi vao cong vién Six Flags Magic Mountain trong mét ngay, hdy tinh s& luvgng tré dv
ki€n s& cao tlr 76 inch trd |1&n. (C6 thé gia dinh chiéu cao cla cac tré 13 déc 1ap.)

c) S dung phan phdi nhij thirc, hdy tinh xac suat rang khéng cé tré nao trong s& 2.000 em cao tir 76 inch tré
Ién.

d) Gia slr sb tré 10 tubi cao tir 76 inch tr& 1&n vao cdng vién trong mét ngay tuan theo phan phdi Poisson véi
trung binh 13 gid tri & phan (b). Hay sir dung phan phdi Poisson dé xac dinh xac suit khdng cé em nao cao
tlr 76 inch trd 1én.

4.48 Bai kiém tra tric nghiém. Trong mdt bai kiém tra trac nghiém cé 5 cau hdi va mdi cau cé 4 lya chon (a, b,

¢, d). Robin chura hoc bai gi ca va quyét dinh dodn ngiu nhién ciu tra 1oi. Xac suat rang:

a) CAu d3u tién Robin tra 1o ding 13 ciu thk 3?

b) Robin tra 1o dung chinh xac 3 hodc 4 cau hoi?

c) Robin tra 1&i ding phan 1&n s6 ciu hai?

42 pew Research Center, Assessing the Representativeness of Public Opinion Surveys, May 15, 2012.
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